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ABSTRACT: Two-dimensional s[(n) quantum Toda field theory on a sphere is considered.
This theory provides an important example of conformal field theory with higher spin
symmetry. We derive the three-point correlation functions of the exponential fields if one
of the three fields has a special form. In this case it is possible to write down and solve
explicitly the differential equation for the four-point correlation function if the fourth field
is completely degenerate. We give also expressions for the three-point correlation functions
in the cases, when they can be expressed in terms of known functions. The semiclassical and
minisuperspace approaches in the conformal Toda field theory are studied and the results
coming from these approaches are compared with the proposed analytical expression for
the three-point correlation function. We show, that in the framework of semiclassical and
minisuperspace approaches general three-point correlation function can be reduced to the
finite-dimensional integral.
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1. Introduction

It is well known, that the problem of integrating over all metrics modulo diffeomorphism on
a two-dimensional surface can be reduced to studying the quantum Liouville field theory [[I]].
First attempts to solve this theory were transformed into a beautiful and complete theory
known as the two-dimensional conformal field theory []. This theory is exactly solvable
because the algebra of generators of the conformal symmetry in two dimensions, which
governs the theory, is infinite dimensional. It coincides with the Virasoro algebra, which
is the central extension of the algebra of vector fields on a circle. It is well known, that
Virasoro algebra can be obtained as a quantum Drinfeld-Sokolov reduction of the affine
g[(2) algebra. The same construction can be generalized to the case of general affine simple
Lie algebra g. As a result, after reduction one obtains associative algebra (W algebra), as
an additional infinite dimensional symmetry consistent with conformal symmetry, i. e. as
a direct extension of the Virasoro algebra [[]. Two-dimensional Toda field theory (TFT)
associated with simple Lie algebra g generalizes Liouville field theory in a similar sense.



The algebra of the generators of the symmetry, which governs TFT dynamics, coincides
with W algebra (associated with the corresponding Lie algebra g).

Due to its geometric interpretation [, f], TFT is relevant in the investigation of the
W strings and W gravity (see for example refs. [fl, fij). It also provides an important
example of non-rational conformal field theory with higher spin symmetry and hence has
its own interest. This higher spin symmetry manifests itself also in rational conformal
field theories, which describe the critical behavior of many interesting statistical systems,
like for example Z,, Ising models (parafermionic CFT [§]), tricritical Ising and Z3 Potts
models, Ashkin-Teller models and also in the large variety of integrable statistical systems
studied and solved in refs. [d, [0]. The results derived in conformal Toda field theory can
be applied to study of the short-distance asymptotics of the correlation functions in the
massive integrable quantum field theory, which is known as affine Toda field theory, as well
as to calculation of the vacuum expectation values of the exponential fields in this theory
(see for example refs. [[[]-[[J]). As conformal TFTs appear by the quantum Hamiltonian
reduction of the WZNW models (see for example [[4]), they can be also applied to study
WZNW models with non-compact Lie algebras.

There has been much progress in understanding Liouville field theory (s((2) TFT) and
hence in the conformal field theory itself in the middle of 90’s. In particular, the three-
point correlation function was found explicitly for arbitrary exponential fields [13-[g].
Known three-point correlation functions, together with the fact, that conformal blocks are
completely determined by the conformal symmetry, solve the conformal bootstrap problem
in Liouville field theory.

Conformal Toda field theory is much more complicated than the Liouville field theory.
One of the main reasons is that in TFT we need in general case more data to solve the
conformal bootstrap problem [[[9). In particular, this difficulty manifests itself in the fact
that contrary to the Liouville field theory it is impossible to write down the differential
equation for the four-point correlation function, which contains one completely degenerate
and three arbitrary fields [[9, PQ]. In Liouville field theory it allows to write down func-
tional relation for the general three-point correlation function, which in some domain of
parameters has a unique solution (see for example [RI])). In TFT this procedure fails (see
section [ for details). It means that other methods should be applied. It is interesting,
that the difficulty of such a type appears already at the classical level, where the problem
of finding the solution to the sl(n) classical Toda equation for n > 2 with three singular
points (which determines so called "heavy” semiclassical limit of the three-point correlation
function) reduces to the problem of studying Fuchsian ordinary differential equation with
accessory parameters (see section ). Accessory parameters are absent in the Liouville case
(sl(2) TFT) and this is the reason why this theory is rather simpler.

This paper is the first of two papers, devoted to study the correlation functions in
the sl(n) TFT, which can be found analytically (may be in terms of finite dimensional
integrals). It is organized as follows: in section f] we briefly remind some basic facts
about conformal TFT and propose an analytical expression for the three-point correlation
function of the exponential fields in the case, when parameters of one of the field take
the special values (see eq. (R.39)). We give also several another examples of correlation



functions, which can be expressed in terms of known functions. In section ] we present
the derivation of the proposed three-point correlation function (R.39) by using the special
properties of the operator algebra of degenerate fields. In sections [ and [j the semiclassical
analysis of the theory is developed. In the section ] we study the case, when all exponential
fields in correlation function are "heavy” (i.e. have parameters proportional to the opposite
coupling constant) and in the section [j we study the case, when all exponential fields are
"light” (i.e. have parameters proportional to the coupling constant). In section fj we
study the minisuperspace approach to the sl(n) TFT. We show, that in the case of light
exponential fields, as well as in the minisuperspace limit, three-point correlation function
can be expressed in terms of finite dimensional integrals. In both cases, semiclassical and
minisuperspace asymptotic is in complete agreement with the proposed quantum results.
The calculation details and useful formulae are given in the appendices.

In the second part of this paper [R7 we will give more detailed description of the cor-
relation functions in conformal TF'T, which can be expressed in terms of finite dimensional

Coulomb integrals.

2. Toda field theory

We start by recalling some basic facts and notions. The Lagrangian of the sl(n) conformal
TFT has the form

n—1
1
L=—(0up)’ + ) "), (2.1)
k=1

here ¢ is the two-dimensional (n — 1) component scalar field ¢ = (¢1...¢n—1), b is the
dimensionless coupling constant, p is the scale parameter called the cosmological constant
and (eg, ) denotes the scalar product, where vectors e; are the simple roots of the Lie
algebra sl(n) with the matrix of the scalar products K;; = (e;,e;) (Cartan matrix)

210 ...... 0
102 —1...... 0
0 —1 oo

K= ~10 (2:2)
0 ... 1 2 -1
0 ... 0 -1 2

In the following we will use standart for the two-dimensional physics complex notations:

z=1x1 +ix9, Z=2x1 — 19, 8:%, 5:% (2.3)
and introduce the notation for the measure
d?z = dx1dxy. (2.4)
Total normalization of the Lagrangian (R.1]) is chosen in such a way, that
0i(2,2)p;(0,0) = —d;;log [z +... atz— 0. (2.5)



In is useful to write TF'T action explicitly in reference metric g, on a surface
-1
Arpr = / i?]mb(aaSD D) + @.e)p + an 19 ) /g da (2.6)
8 ’ 47 — '

here R is the scalar curvature of the background metric.! If the background charge Q is
related with the parameter b as

Q= (b—i— %) p (2.7)

with p being a Weyl vector (half of the sum of all positive roots), then the theory (R.6)
is conformaly invariant.? Moreover it ensures higher-spin symmetry: there are n — 1
holomorphic currents WX(2) with the spins k = 2,3,...,n, which are expressed through
the field ¢ via the Miura transformation [2J

n—1 n
H (q0 + (hn—i, 0p)) = Z WK (2)(q0)", (2.8)
i=0 k=0
where
q=b+1/b (2.9)

and vectors hy are the weights of the first fundamental representation 71 of the Lie algebra
sl(n) with the highest weight w; (first fundamental weight)

hk =W — €1 — " —€k_1- (210)

In particular, it follows from eq. (R.§), that the currents W°(z) = 1, W(2) = 0 and the
current

W2() = T() = —5(00)° + (@, 8%)

is the stress-energy tensor of the theory, which ensures local conformal invariance of TFT.
The currents WX(z) form closed W, algebra, which contains as subalgebra the Virasoro
algebra with the central charge

c=n—1+12Q*=(n— 1)1 +nn+1)(b+b1)?). (2.11)

This W, algebra represents only the chiral part of the algebra of generators of the symme-
try, which governs the theory. Total algebra is a tensor product of the both holomorphic
and antiholomorphic algebras W, ® W,.

Basic objects of conformal Toda field theory are the exponential fields parameterized
by a (n — 1) component vector parameter «

Vy = el@#), (2.12)

!Bellow we consider mainly the case of sphere, in order to avoid the problem with moduli. It is useful
to choose the metric fq» = dap everywhere except the north pole (z = c0), where the curvature is located.
Such a choice prescribes the asymptotic ¢ = —Qlog|z| + ... at z — oco.

2More strictly, it becomes to be invariant under the combined Weyl transformation: §ap — Q(z)gas and

0 — p—Qlog Qx).



which are the spinless primary fields. They have the simple operator product expansion
(OPE) with the currents WX(¢). Namely,

w®) ()Va(z, 2)
(€—2)k

here ... means the contribution of less singular terms. Similar OPE’s with antiholomorphic

WK(EVa(2,2) = +..., (2.13)

currents Wk(é ) are also valid. The quantum numbers w®) () possess the symmetry under
the action of the Weyl group W of the Lie algebra sl(n) (which is generated by reflections
in the hyperplanes perpendicular to the simple roots e;,) [d]

w®(a) = w(a) = WP (Q + s(a — Q)), seW. (2.14)
In particular,
((X, 2Q B (X)
2

is the conformal dimension of the field V,,. Equation (R.14) suggests the idea, that the
fields related via the action of the Weyl group should coincide up to a multiplicative factor.

w?(a) = Aa) = (2.15)

One of the important properties of TFT is that it is really true
Voria—@) = Rs(a)Va (2.16)
where R;(a) is the reflection amplitude, which was found in [4]
Rs(a) = (Q+§(a— Q))/A(),
Q ) _
A) = (ruy ) 7 T[T = bla - Que)T(=b (@ - Q,e).  (2.17)

e>0

In eq. (R.17) the product goes over all positive roots.
Multipoint correlation functions of the exponential fields

(Vo (21, 21) ... Vo, (21, 21)) = /[Dgp]e_ATFT Var (21, 21) ... Vo, (21, Z1) (2.18)

are the main objects of the theory. One of the most important problems in TFT is to
find these quantities. This problem is nontrivial due to the exponential interaction term in
the Lagrangian (R.I)). One can try naively to explore perturbation theory in cosmological

constant p. However, pertubatively, correlation functions (2.1§) are equal to zero unless
the ”on-shell” condition

l n—1
Z aj + bz sker = 2Q (2.19)
j=1 k=1

with some non-negative integers sj is satisfied. Alternatively, one can perform zero mode
integration [P§]. Namely, let us define a zero mode ¢q of the field p: ¢ = o + @ with
the condition that [ d?*z @ = 0. The integral in eq. (2:1§) over the zero mode ¢y can be
transformed to the Euler integral. As a result, after integration we obtain

Vo (z1,21). . Vo (21, 21) = (2.20)

bnl T / [D@]e 0 E]_[i r(—sk)@ / eb(ek,@) sk

Val(zl, 21). . .Val(zl, 21),




with
Sp = (2Q - Zajawk)

b
Here vectors wy, are the fundamental weights of the Lie algebra sl(n).> Integration in

eq. (R.2(]) is performed in the theory of a free massless (n — 1) component scalar field with

So ! /((9ag0)2d2x.

T 8w

Equation (-20) has no meaning if all numbers s, are general. However in the resonance

the action

situation, when all numbers s are non-negative integers, the gamma functions in the right
hand side of eq. (P:20) have simple poles in each of the variables (2Q — > «aj,wy) for
k=1,...,n—1 and we can treat the main residue in these poles (the residue in each of

these poles) as the corresponding free field integrals. Namely

res res Vo, (21,21) ... Vi, (21, 21)) = 2.21
005 b (ZQ_Z%WI):%H( (21, 21) (21, 21)) (2.21)
(e ] o
= (Vay (21, 21) -+ Vi (21, 2)(Q1) - (Qn—1)™ o,

81!...811,1!

here (...)o means average over the free massless fields. In eq. (R.21)) we have introduced
the notations for the so called screening charges

Q. = /eb(e'cv%"k)d?g, k=1,...,n—1. (2.22)

Correlation function in the r.h.s. of eq. (2:2]) can be calculated using the Wick rules in the
free field theory together with integration over the position of all screening fields e?(¢x:¢).

Equation (2.21)), which was obtained from the classical arguments, modifies in quantum
case. Namely, if the screening conditions

1
20Q — Z ajywy | = bsp + 0715 (2.23)
j=1
are satisfied for any two sets (s1,...,S,—1) and (51,. .., 8,—1) of non-negative integers, then

the correlation function (R.1§) admits a pole in each of the variable (2Q — 3" o, wy,) with
the main residue being expressed in terms of free field correlation function
res res Vo (21,21) ... Vo, (21, 21)) =
(2Q— % as w1)=bs1+b~ 151 (2Q—Zai,wn_1)=bsn_1+b—1§n_1< o (121 Voo a1, 2)
_\S1+Sn—1 (7514 -8n—1
_ f't) ' (f't) B (2.24)
S1+...8p—1- S1:...8p—-1"

><<Va1 (21, 21) - Val(zl, Zl)(Ql)sl - (anl)sn_l(él)gl - (Qn,1)§"_1>0.

In eq. (2:24) we have introduced the notation for the dual screening charges

O, = /ebl(%%)d2§ (2.25)

3They are defined as a dual basis to the simple roots (e;,w;) = d;;.



and for the dual cosmological constant

. 1 1/b2
) (mury(0%)) 7 (2.26)

Operators Qj, and Qj, have an important property, that they commute with all generators
of the both holomorphic and antiholomorphic W algebras. In this paper we will consider
for simplicity the case, when all numbers §, = 0. It is reasonable to suppose, that the
screening condition (R.23) defines up to the Weyl transformation (2.14)) all possible poles of
the correlation function (R.1§), as a function of the parameters ay,. One should emphasize,

that a simple pole in the correlation function (R.1§) appears if at least one screening
condition (R.23) is satisfied.

Knowledge of two-point and three-point correlation functions of the primary fields
V. is the first step for the calculation of the higher multipoint correlation functions of
the theory. In the s[(2) case (Liouville field theory), this knowledge together with the
statement, that conformal blocks are completely determined by the conformal symmetry,
allows us, in principle, to compute any multipoint correlation functions in this theory [g].
In the sl(n) TFT case for n > 2 the situation is more complicated and we need more data
(see for example [[L]).

Two-point correlation function in TF'T normalized by the condition

(Va(2)Vag-a(0)) = |2/ 7*4. (2.27)

All other non-zero two-point correlation functions can be obtained from this correlation

function by the Weyl reflection (R.1¢). For example

s
(Va2 Vi (0)) = % (2.28)

here R(«) is the maximal refrection amplitude defined as

2Q — «)

A(
R = 2.29
(@) = 222 (2.20)
with A(a) given by eq. (R.17) and conjugated vector parameter a* defined as
(Oé, 6k) = (Oé*, en—k)- (230)

Much more complicated object — three-point correlation function has standart coor-
dinate dependence due to the conformal invariance of the theory
o C (041, a9, 043)
|212 |2(A1+A2—A3) |Z13|2(A1+A3—A2) |z23|2(A2+A3*A1) .
(2.31)
All non-trivial information about the operator algebra of the primary fields V,, of the model

<Val (Zla Zl)VQQ (Z2’ 22)‘/043 (Z3’ Z3)>

is encoded in the constants C'(aq, g, a3). According to eq. (R-21)) if the parameters g, ag
and «ag satisfy the screening condition

a1+ ag + oz +bsjer + -+ bsp_1e,-1 = 20,



function C'(a, g, as) will have a pole in each of the variables (2Q — a3 — as — a3, wy) and
we can define the main residue in these poles in terms of Coulomb integral*

res res C(ag,an,a3) =
(2Q—3" i ,w1)=bs1 (2Q—3" aiywn—1)=bsn—1
= (_7Tlu)81+ THon- 1Isl Sn— 1(051’052’0‘3) (2'32)
with
Islmsn_l (Oél, a9, 013) = /d,usl (tl) e d,usn_l(tnfl) X (233)

n—1 Sk
_9p2 N 1—2b(a .e j —2b(aa,e
< JI DR ) [T e ) - ap2ieen
Jj=1

n—2
2
1T A%, (s tin),

=1

here t,(cj ) is the coordinate of the j-th screening field e?%) and quantities D, (tr) and
Ag,s,n (1, 1) for I # m are defined as

Sk . . SI Sm
=]t 677 and  Age, (tw) =[] ]I -8 (2.34)
i<i’ i=14¢=1

Throughout this paper we use the notation for the measure of integration

it () = —— ,Hdzt“ (2.35)

In the case of algebra s[(2) Coulomb integral (.33) is known also as two-dimensional
generalization of Selberg integral. It can be calculated explicitly in terms of I'-
functions [26-R§ (see also refs. 29, B(]). Unfortunately, it is not clear how to calculate
integral I, s, _,(a1,a9,a3) for arbitrary parameters ay in the case of general n > 2, but
if one of the parameters «y, satisfy the special condition, for example

g = Hwp_1, (2.36)

then the integral (2.33) can be carried out explicitly in terms of I'-functions (see ap-
pendix [A]). Namely, the integral Iy, s, (a1, s, 3w,—1) is non-zero only if s; < sg <

- < $p—1. In order to write down an answer we define an auxiliary function

l

R, = [[~(-iv*) H Y(B(Q — ay, hj — hy) — ib?)y(D(Q — g, hj — hy) — ib?),
i=1 i>k
with I()
v(z) = T —a)° (2.37)

4In the integral () we can set using the projective invariance z1 = 0, z2 = 1 and z3 = 0.



Integral (R.33) equals in this case (one has to remember, that parameters a1, ao and s are

subject to the condition a1 + ag + 2wy, 1 = 2Q — bsje; — -+ — bsp_1€,-1)
Isl...sn_l(alya%%wnfl) = (238)
-1 S14+sp_1 Sn—1 1
= |—F/5~ — | RO'R R
[7(—52)] jHO [v(bwrjb?)] b o

It is easy to check, that function

Clay, ag, swn—1) = [ﬂufy(bQ)bQ*QbT e X (2.39)
(0@ 160 11 ((@Q = e, e)) Y (@ — az.))

X

I;IT(% + (o1 — Q,hy) + (g — Q,hj)>

which was proposed in [R(]], satisfies the condition (R.39) at this special case. Here Y (z) is
the entire selfdual function (with respect to transformation b — 1/b), which was defined
in [[[7] by the integral representation

[e'e) dt b—|— b—l 2 . sinh2 (% — 1’) %
log T(x) = / — —z) e " — v . (2.40)
o t 2 sinh 5’5 sinh 2Lb

This function satisfies functional relations

T(x +b) = y(b)o" " L (),

Yo+ 1/8) = 1w /T () (241)

and in fact is completely determined by them for the general real values of the parameter
b up to a multiplicative constant, which is fixed by the condition

-1
T<b+b ):1.
2

This function was firstly introduced by Barnes [BI], as a generalization of ordinary Gamma

function and in the semiclassical limit (b — 0) it has an asymptotic

1-y
% — % as b— 0. (2.42)
One can easily check, that the correlation function (P.39) is consistent with the reflection
identification of the exponential fields (2:16]). Due to the symmetry reason, formula similar
to (R.39), but with a3 = saw; is also valid.> Note that the condition (P.3) is crucial at
this point and the general formula for the three-point correlation function is much more
complicated.

®One has to change hy — hf = —hn 11 in (2.39).



One of the important sets of fields in TFT form so called completely degenerate
fields [R3]. Completely degenerate fields V, in TFT are parameterized by two highest
weights 1 and Q9 of the finite dimensional representations of the Lie algebra sl(n) and
correspond to the value of the parameter o (up to Weyl transformation (R.14)))

1
o = —le - EQQ (243)

These fields posses an important property that in their operator product expansion with
general primary field V, appear only a finite number of primary fields V. with their
descendant fields )
aS
Voo, b1, Ve = 3 C00, g, [Vaép] ; (2.44)
S7p
here by square brackets we denote the contribution of the descendant fields and introduce
/

the parameter of, as

al, = a —bhi — b Rl (2.45)

In eq. (:45) hf are the weights of the representation € and szgl_b,m%a denotes the
structure constant of the operator algebra. During this paper we will consider for simplicity
the case Q5 = 0.

General structure constant of OPE Cg? ., defined as

co Y Clay, 09,2Q — a3) = R(as)C(an, ag, a3), (2.46)

1,02

where R(as) is the maximal reflection amplitude given by eq. (R.29) and conjugated pa-
rameter o is defined by eq. (£:30).° Strictly speaking, structure constant with completely
degenerate field defined by eq. (-46) as

Q
Cohe = O(~b00, ,2Q — a + bR (2.47)

will be infinite because general weight h{¥' of the representation €; has a form

n—1

h?l = Ql — Z sjej (248)
j=1

with some non-negative integers s; and hence the sum of all parameters in the three-point
correlation function in the r.h.s. of eq. (2.47) satisfies the screening condition (R.19). In this

Q
case one should treat the structure constant Cf‘,}g?ix " as the main residue of the correspond-
ing three-point correlation function. This residue is given by the Coulomb integral (2.33).
Namely

a—bhil

C—tha _ (_Fu)s1+---+sn—1[

o1 (—bQ1, @, 2Q — a + bhSY). (2.49)

The complexity of these structure constants” depend drastically on the multiplicities of the
corresponding weights h?l.

SWe remind, that parameters o and 2Q — « are connected via Weyl transformation (P.29).
"We study these structure constants in more details in forthcoming paper [@]

,10,



To illustrate this fact we give here some basic structure constants, which can be ex-
pressed in terms of known functions. Let us consider, for example, the case 1 = wy
corresponding to the k-th fundamental representation of the Lie algebra sl(n). We denote
as Hy the set of weights hgk) of the fundamental representation 7 with highest weight wy
(h( ) ¢ Hy). Then the operator product expansion of the field V_,, with arbitrary field

Vi, due to eq. (R.44) has a form
i)
Ve Vi = ZC Sohe [Vafbhgk)} . (2.50)

(k)
To describe the structure constants Co‘bul}’h °. in this expansion we denote as RY the set of

positive roots e such that e + hg ) ¢ Hj.. Then

—on® <_ il >(wk o (e — @) (2.51)
“hoee T\ TH(=12) s VP 4+ b(a = Q.e)) |

This result has been derived from the free field integral (R.49) using the same technique,
which was used in appendix [A] to derive eq. (2.39).
Another interesting situation, when the integral (2.33) can be calculated exactly is

the structure constants with degenerate field V_p, (ep = Zz;i e is the maximal root
corresponding to highest weight of adjoint representation). This operators plays a role of
integrable perturbation of the theory, which moves conformal TFT to the massive affine
TFT. The operator product expansion of the field V_;., with general primary field V,, has
a form

V—beoVa = C’fbema Z Cfbe%ea a— be] ) (252)

where the sum goes over all roots of sl(n). The dlagonal structure constant C'* can be

beg,a
represented as

mw bla—Q,hy ))
e zzljl;ll v(1+b%+ b(a —Q,hj — hy)) F (), (2.53)

where functions F;(«) can be expressed through the higher hypergeometric functions at

unity ,F,-1(1) as

— ) — )
—”ZH 1+b —ah )—h))) (2.54)

k=1j7=1
where
(@) =2(x+1)...(x+k—1). (2.55)

For the positive roots e = hj — h; with 7 > j the structure constant cobe g given by the

be o
product of y-functions

(n—i+j—1)
a—be —TH
C—beo,a = <m> X (256)
Q —a, by, —hy) = %) "= 4 (b(Q — a, hy — hy) — b?)
P v( 1+b —a,hy, — hyj)) it Y(1+b(Q — a,hy — hy))

X

— 11 —



While the structure constants for the negative roots can be expressed through the structure
constants for the positive roots (2.56)) as

Core = RY(a)R(ov + be) O, (2.57)

—beg, o —beg,a’’

where R(«) is the maximal reflection amplitude (R.29) and o/ = o + be.
An important point should be emphasized here. It follows from eq. (R.53), that the

structure constant C“ is expressed in terms of higher hypergeometric functions ,F;,_1

—beg,a
at unity (R.5J), while the structure constants Cf;el;fa have more simple form and are
expressed in terms of product of ~-functions (R.5d). The difference between these two
cases is related with the fact that field with zero weight in the adjoint representation with
highest weight eg appears with multiplicity (n — 1), while the weights corresponding to
the roots e appear with multiplicity equal to 1. The same is true for the fundamental
representation with the highest weight wy, where all weights h’; of this representation also
appear with multiplicity 1 and as a result the structure constants () are expressed in
terms of «-functions. We see, that the fact that some weights have multiplicity more than
one makes the situation more difficult. In the sl(2) case (Liouville field theory) it does not

happen because all weights appear with multiplicity one.

3. Differential equation

Three-point correlation function (R.39), which was derived in section f] by the calculation of
the Coulomb integrals, can be obtained also from rather different arguments. The idea is to
explore the associativity condition of the operator algebra and to use the special properties
of degenerate fields. This approach was proposed in ref. [21] in order to find the structure
constants in the Liouville field theory (s((2) TFT). Here we will consider in details the case
of s[(3) TFT, as the next step of complexity.

The chiral part of the algebra of symmetries in this case consists of two currents of the

spin two and three®
W2(2)=T(z) = > 5 and W3(2) =W(z)= > —is (3.1)

The Laurent componets L, and W form closed W3 algebra with the commutation rela-

tions [{, B2

(L, Lin] = (1 — 1) Losm + 1—62(713 T — (3.2a)
[Liy W] = (2n — m)Woim, (3.2b)
. 10 -
(Wi, W] = 5 Al (n® —1)(n" —4)néy,—m + 52+ 5e (n—m)Aptm (3.2¢c)
1 1
+(n—m) (E(n +m+2)(n+m+3)— E(n +2)(m + 2)> Ly,

8This basis of currents is slightly differs from the basis defined by Miura transformation (P.d). Basis (E)
is more convenient, because commutation relations of the W algebra are bilinear. In eq. (B.1)) the current
W is primary field with respect to Virasoro algebra and differs from the corresponding current in eq. (E)

by adding term proportional to T".
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here

.- 1
Ap = Z s LgLp g : +ganna

k=—o00

= (L4 D=1 aopr = (2+1)(1 1.

This algebra is not Lie algebra due to the quadratic terms in the r.h.s. of eq. (B.2d), however,
as was noticed by A. Zamolodchikov [{], the Jacoby identities are satisfied.

The operator product expansions of the holomorphic currents (B.1]) with the primary
fields V,, has the form

T(g)va( ) - + .
w(é)_vz)é) Wt . et 33
W) = e P e—ar T Te- T
here
Ala) (2Q — o, a) (3.3a)

is the conformal dimension and

w(a) =iy 22?50 (0= Q,hi)(a = Q,hg)(a — Q, h3) (3.3b)

is the quantum number associated to the W (z) current. Along this section we omit some-

times (where it is not important) the z dependence of the fields V,,. In eq. (B.3) we introduce
the notations W_1V,(z) and W_3sV,(z) for the W descendant fields. Using eq. (B-3) one
can obtain Ward identities

N

(T(Vi(z1) .. Vn(en)) = ) <(Z _A;)Q e ?kaJ (Vi(z1)... Vn(2n)), (3.4a)
k=1
N y w® w®

(W(2)Vi(21) ... Vn(zn)) = ; <(Z —]Z:k)?) o= Z1k)2 T Go ;)> (Vi(z1) ... Vv (2n))-

(3.4b)

Let us explain our notations. For example

WV (21) . Vv(ew)) & (Vi(z1) ... Woi Vi) .. Viv(zw).

One should emphasize, that contrary to the Virasoro generators operators W_; generally
speaking do not act on correlation functions as some differential operators. This important
difference explains the essential complication, which appear in the analysis of the sl(n)
conformal TFT for n > 2.
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The transformation laws for the currents T'(z) and W (z) under the holomorphic sub-
stitution z — f(2) have a form®

T(:) — <3—£)2T(f) F ol W - <Z—£>3W(f)- (35)

The condition, that infinity is a regular point leads to the following asymptotic condition
for the currents 7'(z) and W (z)

T(z) ~— at z— o0 (3.6a)
and
W(z)~— at z— oo. (3.6b)

It follows from the asymptotic (B.64) of the current T'(z), that correlation functions of
the primary fields satisfy certain set of differential equations, which restrict their possible
coordinate dependence []. In the particular cases of two and three points, correlation
functions are completely determined by them up to a numerical factor. For the case of
two-point correlation function these differential equations put the limitation on it. Namely,
two-point correlation function is non-zero only if the dimensions of two fields are equal. One
can consider the asymptotic (B.6H) of the current W (z) in a similar way. Applying (B.6H)
to the Ward identity (B.4H), we obtain five algebraic equations, which also restrict possible
form of the correlation functions. Let us illustrate, how does it work in the case of two-point
correlation function. These five algebraic equations connect different correlation functions,

which enter in Ward identity (B.4H). Namely, we obtain a system of equations

0 0 0 11 <V1(21) V2(22)>

0 1 1 zZ1 %9 <W_1V1(2’1) VQ(ZQ)

w1 + wo 221 229 Z% Z% <V1(21) W_1V2(2’2) =0. (3.7)
3(wiz1 + wozg) 327 323 23 23 (W_oVi(21) Va(z2)

(

6(w1z% + U)QZ%) 42% 425’ zf z% Vi(z1) W_oVa(22)

- — — —

This algebraic system has a non-zero solution if the determinant of the matrix above equals
to zero for any points z; and z5. A simple calculation leads to

det = —(w1 + wg)(zlz)G. (38)

It means that the correlation function (Vi(z1) Va(z2)) is zero unless w; = —wsq. As a result,
we obtain the following form of the two-point correlation function

6A1,A25w17*w2

(Vi(z1,21)Va(22, 22)) ~ i (3.9)

|z12

9T (%) does not transform like a tensor, but is shifted by the Schwartz derivative, which is defined as
{f,2y=f"/f —3/2(f"/f)?, while W(z) is really a tensor as follows from eq. () In the case of sl(n)
algebra for n > 3 it is also possible to choose currents W=(z) is such a way, that they will be primary with
respect to stress-energy tensor, i. e. will transform like a tensors under the change of variables.
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Omitted multiplicative constant in (B.9) depends only on the particular normalization of
the fields.

To extract the information about the fusion rules it is reasonable to study completely
degenerate representations of the W3 algebra (B.). Namely, if parameters (A (o), w(a))
corresponding to the field V,, take one of the four values

4b? 202 5b + 2
N il (3.10a)

3 27 3b+ 2

4 2A23b+ 2

T3

or in terms of parameter o (modulo Weyl transformation (P.14))

1
a = —bwyg or a=— Wk k=12 (3.11)

Then this field exhibits three null-vectors [B3-B4]

3
X1 = <W_1 — %L_1> Va = O, (3.12&)
12w Gw(A + 1)

= L I? — I = 12

X2 (W 2T AGAT D T ABA ) 2> Va=0, (3-12b)
16w 12w 3w (A—3)

— (w4 34— o, BT e Ny =

X3 (W?’ AATDGAT ) T AGAr D T A AT ) 3>V 0

(3.12¢)

The next natural step is to investigate, how equations (B.12d), (B.12H) and (B.12d) put
the limitations on the three-point correlation functions, i. e. we want to define the fusion

rules. Let us consider three-point correlation function (V(2)Vi(z1)Va(22)), where field V(z)
is degenerate field with parameter (B.11) and fields V;(z1) and Va(22) are some arbitrary
primary fields. In the Ward identity (B.4H) for this case participate seven functions:

(V(z,2)V1(21, 21)Va(22, Z2)) (3.13)

and also six functions, which can be obtained by the application of the operators W_; and
W_s to the fields V, V4 and V5. Due to conformal invariance, the coordinate dependence

of the three-point correlation function is known explicitly
(V(2)Vi(21)Va(22)) ~ (2 = 21) 8278178 (2 = 29)(B1m8em8) () — 2p)(Bathe=d) - (3.14)

Applying equations (B.124) and (B.12H) to eq. (B.14) we can express correlation functions
(W_1V(2)V1(21)Va(z2)) and (W_oV (2)V1(21)Va(z2)) as

3 A+A;—A A+Ay—A
(W_1V(2)Vi(21)Va(22)) = w < 1 2 + 2 1

T 2A (z —21) (z — 22) > WieVila)Vala)

(3.15a)
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and

<W2V(Z)V1(z1)v2(z2)>:[ 12w ((A FAL =AY A+ A — Ay 1)

A(BA+1) (z —21)?
2(A—|—A1—A2)(A—I—A2—A1)+ (A+A2—A1)(A+A2—A1+1)>
(z—21)(z—22) (z—22)?
_6w(A+1)<(2A1+A—A2) (280 +A—A))
ABGA+D)\ (2 — 21)? (2 — 22)?

__(B1+82-4) >]><<V(Z)V1(21)V2(22)>. (3.15)

(z—2z1)(z — 22)

Similar to the case of two-point correlation function we obtain five equations, which follow
from the asymptotic condition (B.6H). The determinant of the corresponding matrix should
be zero for any points z, z; and zy. It gives the equation

12w(A1 — A2)? = 3w(A 4+ 1) (A1 + Ag) + AGBA + 1) (wy + ws) — 4wA(A — 1) =0 (3.16)

We should take also into a account eq. (B.12d) and put (x3(z)Vi(z1)Va(z2)) = 0. As a
result, we obtain the second algebraic equation
32w(A] — Ag)? — 12w(A + 1)(AT — A3) — w(15A% — 18A — 1)(A; — Ay)
+AA+1)(BA+1)(wy —w2) =0 (3.17)

The equations (B.16) and (B.17) define the fusion rules in our model (one should fix pa-

rameters (A1, wq) and find admissible parameters (Ag, wo)) after that. If we parameterize
(A, w1) = (A(a),w(a)) and (A, w) = (A(—bw1), w(—bwy)), then three solutions to the
equations (B.1¢) and (B.17) are

A2 = A(Oél — bhj) Wo = —’U)(Oél - bh]) ] == 1,2,3, (318)

where A(«) and w(«) are defined by eqs. (B.3d) and (B.3H). There are analogous formulae
for the other completely degenerate fields. We see, that these fusion rules coincide with
those obtained in [P3, B3, B4] and coincide with the fusion rules (R.50) for the Lie algebra
s1(3) (see section f).

Having such rather simple fusion rules (B.1§) one can hope that the four-point correla-
tion function, which contains completely degenerate field, will satisfy differential equation
of the third order. Unfortunately, this is not the case. Consider, for example, the correla-
tion function

<V(Z, 2)Va1 (2’1, 21)Va2 (22, 22)‘/’043 (23, 23)> (3.19)

Here V' (2) is the degenerate field with the parameter & = —bw;. Firstly, one should notice
that the number of equations in this case is not enough to write down the differential equa-
tion. Really: in this case the number of correlation functions in the Ward identity (B.4b)
is nine. These nine correlation functions satisfy five projective Ward equations plus three
equations (3.124), (B.12h) and (B.12d), which arise in the case, when one of the four fields
is completely degenerate. Total number of equations is eight. Hence, these equations allow
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us only to express all correlation functions in terms of only one correlation function, but
not to write down the differential equation for this function. Therefore we need at least
one more additional condition, which connects different correlation functions in eq. (B.4H))
together.

Let us suppose that one of the fields V,,, V,, or V,, in correlation function (B.19) is
partially degenerate. For example we suppose, that quantum numbers Az and ws of the
field V,,, satisfy the relation

32 1 1

2 2

=2A Ag+ =) —= 2
Jws 3(22—{—5c< 3 5) 5)’ (3.20)

which can be written, as a condition on the vector parameter ag (modulo Weyl transfor-

mation)

a3 = W9 (3.21)
with arbitrary coefficient s». Corresponding field V., satisfies the null vector condition at
the first level

3w3 .
<W1 — EL1> Visy = 0. (3.22)

Under this assumption, correlation function (B.19) satisfies differential equation of the third
order. In order to write it explicitly, we define function G(z, ) as

2 G(z,T)

(V(2,2)Vay (21, 21) Vg (22, 22) Vi (23, 23)) ~ |21 — [ 5 [Py (3.23)
)
with = being the projective invariant of four points z = %8:2; and sign ~ means

that we have omitted factors independent on the coordinate z. We derive from egs. (B.19)
and (B-23) that function G(z, T) satisfies generalized Pochgamer hypergeometric differential
equation of the type (3,2)1°

d d d
|:£U <:U—dx + A1> (x_dx + Ag) <:c—dx + A3> (3.24)
d d d _
) <d— - 1) <d— o 1) d—} Glonn =0

b 2
Ap = ?” = 30 4 blon = Q. ) + blaz — Q. hi), (3.25)

with

and

By =1+b(a1 —Q,e1),
B2 =1+ b(Oé1 - Q,61 + 62).

Three linearly independent solutions to eq. (B.24) with the diagonal monodromy around

(3.26)

the point £ = 0 have a form

Ay As A
Gi(z) :F< B By

x> , (3.27a)

_ 1-B; 1-B1+A1 1-B1+A2 1-B1+A3
Go(z) = @ F< 2-B; 1-B1+B;

x> , (3.27D)

100f course, the same differential equation with x being replaced with Z is also valid.

,17,



and

_ ,.1-Bsy 1-B2+A1 1-Ba+A> 1-B>+A3
Gg(l') =z F < 1-Bs+B1 2—B>

x> , (3.27¢)

here

F <A1A2A3 T

A1A5 A3 Al(Al + 1)A2(A2 + 1)A3(A3 + 1) x2
Bi B2 =1+

x —+... 3.28
B1 By Bl(Bl + 1)32(32 + 1) 2! ( )

is the hypergeometric function of the type (3,2).

Let us take now into account the antiholomorphic part of the correlation func-
tion (B.19). We wish our correlation function be invariant with respect to moving point x
around point 0. The invariant combination G(z, z), which defines the four-point correlation

function (B.19) has a form

3
_ —bh; _
G(z,z) = Z Cféwh;lC(al —bhj, ag, 2w2)G;(2)G;(Z) (3.29)
j=1
with C’fé;lbhofl being the structure constants of the operator algebra. Now we should impose

the condition that this correlation function remains invariant, if we move point z around
points oo and 1. Evidently, it is sufficient to provide this invariance around point oo,
because contour surrounding points 1 and co can be transformed to contour surrounding
point 0.

There is another set of solutions to the equation (8.24), which have diagonal mon-
odromy around the point x = oc.

1
—A A1 1+A1—-B1 1+A1—B
Hl(m) =z LE < i+—£1i142 i+£1—1A3 ’ ;) ’ (3303)
1
—A As—B1 A As—B:
e = r (i L), (3.300)
and
1
—A 1+A3—B1 1+A3—By A
Hiw) = o F (R, (3.300)

Of course, these two bases (B.27) and (B.3() of the solutions to eq. (B.24) are linearly
connected. Using Mellin-Barnes representation for the generalized hypergeometric function
one can obtain the relation between them. For example

DAV (A2)0(As) 1 (ay a5 45 ] )
[(B1)I'(B2) BB

_ (—a) D(AYI (A2 — AYD(As — A1) o (4 1440-B1 14418, | L

['(By — A))T(By — Ay) 1+A1-A2 1+A1-As | 4

~4, T(A2)D (A — Ag)T'(A3 — Ag) 7 [ 1442-By Ay 144, B,
F(Bl — AQ)F(BQ — Ag) 1+A2—A1 1+A2—A3

(_x)ng F(A3)F(A1 - A3)F(A2 - A3) F 1+A3—B1 1+A3—By As
F(Bl — A3)F(B2 — Ag) 1+A3—A1 1+A5-A2

S| = N~

+(—x)

)

—) . (3.31)

—

x
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Our correlation function has to be also single valued at the point * = co. Hence it must

be represented by the diagonal bilinear form

—bwi, az

3
G(z,2) = C% ™ Clas, as — bhy, saws)H(x) Hj (7). (3.32)
j=1

The necessary conditions of the validity of the both s-channel (B.29) and t-channel (B.33)
decompositions are

a1 —bh
Cor o, Clar —bha, ag, saws) _ [T, v(Ap)y(B1 — A) v(1 — By + By)
CL02 Clay — bha, ag, sws) v(B1)7v(B2) v(B; - 1) -
a1 —bh .
Clhon, o Clon — b, ag, savn) [15—, 7(Ae)v(B2 — A) v(1 — By + By)
C M8 Oy — bhs, ag, saws) ¥(B1)7(Bz) +(Bs—1)

Of course, functional equations similar to (B.33) with a; being replaced by ay are also
valid.

One can expect, that differential equation similar to (B.24) will take place in the sl(n)
case t00.'! The condition (B.2])) undergoes natural modification

Q3 = HWp_1. (3.34)
Let us consider correlation function
(V- oy (, )V (0) Viag (00) Vi, (1)) = [[?P11D|1 — 22 G, 7). (3.35)

Function G(x,Z) satisfies generalized Pochgamer hypergeometric differential equation of
the type (n,n — 1) in each of the variables = and z

d d
[x (x—dm + A1> (x—dm + An> (3.36)
d d d _
— (x@ +Bl —1> (CE@ +Bn71 - 1) $@:|G($,$) =0

Ak; = b—}t — Lgl)bQ + b(Oél — Q, hl) + b(OZQ - Qa hk‘)a (337)

with

and
Bk:1+b(a1—Q,el+---+ek). (3.38)

The basis of the solutions to differential equation (B.36) with diagonal monodromy around

the point = 0 has a form

Aj... An
Gl(.%') = F (Bl-l--Bn—l

x> : (3.39a)

_ 1-B 1-Bp+A1..1-Bp+An
Gk+1(x) =T F <lBk+Bl...2Bk...lBk+Bn_1

x> for k>1, (3.39b)

'We do not give here the strict algebraic proof of this fact for sl(n) with n > 3, but the generalization
is very straightforward.
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while the dual basis of the solutions with diagonal monodromy around the point z = oo

1) , (3.40)

X

can by represented by the functions

_ A 1+Ax—By...Ag.. 14+ A —Bp_1

where F' ( By BA" ':c) is the hypergeometric function of the type (n,n — 1). Four-point

correlation function (B.35) should be single valued function of the variables z and z. It
means, that it should be represented simultaneously as

Z Ca;)wf)hal — bh]’, a9, %wn_l)Gj (w)Gj (.f') (3.41)
and as
Z CU Clan, as = bhy, sawn 1) Hj () H; (), (3.42)

where functions G, (z) are given by eqs. (B.394) and (B.39H) and functions H;(x) are given
by eqgs. (B:4(). Using formula naturally generalizing eq. (B.3])) for n > 3, we can connect
two bases Gj(z) and Hj(x). As a result, we obtain that the condition of the validity of the
both t— and s— channel decompositions (B.41]) and (B.49) for the correlation function (B-37)

has a form

O30 Clan —bhy, as, sawn—1)  TTHoy (A (Bio1 — Aj) [Tjze 1 7(1+ B — Br)

Ot Clar = bhy, az, sa0-1) 1= (B)) Y(Bj-1 — 1) ’
(3.43)
where k = 2,.
The structure constants Ca;mlbh’“l admit the free-field representation [BH]
k—1
Cgllwlb,ho]fl = (_:u)kil /<V—bw1 (O)Va1 (1)V2Q—o¢1+bhk(oo) H %ei(zia fi) d22¢>0. (3.44)
i=1

The expectation value in eq. (B.44) is taken using the Wick rules in the theory of a free
massless scalar field. This integral, as was pointed out in section fl, can be calculated
explicitly. The answer follows from eq (R.51))

k—1k—-1
ar—bhy _ [T Y(b(a1 — Q, hi — hy))
b, = < 7(—b2)> oo —anmy @9

Therefore, we obtain from egs. (B.43) and (B.49) the system of (n — 1) functional relations.

There is another dual set of functional relations with parameter b being replaced with b=!
and cosmological constant p being replaced with dual cosmological constant i defined by
eq. (R.26). If parameter b? real and irrational, then the solution to the both systems of
equations is unique up to a multiplicative constant, which depends only on the parameter
s. It is easy to check that proposed in section ] three-point correlation function (R.39)
satisfies both of these systems of equations.
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In conclusion of this section, we present the exact expression for the four-point cor-
relation function (B.3§). This correlation function can be expressed in terms of Coulomb

integral
<V—bw1 (x’j)val (O)VQQ(OO)V%Wn—I(l)> = (3'46)
N paep (TO)" () TTT((Q = a1,0)) T((Q = a2, 0))
<—> [wm(bQ)bz‘%Q} ’ 20 X
i TI7 (22 + (1 = Q) + (a2 — Q. hy) — by )
ij
n—1
x|z [2enh ] — )% / H T o R A e e [
k=1
where t, = 1, a = —bw; + a1 + as + »w,_1 and parameters A and B are given by

eqs. (B.371)-(B.3§). This expression for the correlation function can be derived by the
analytical continuation to the non-integer values of numbers s; in eq. (R.21)),'> which
permits also to find expressions for more general correlation functions (see also [R9, Bd]).

In principle, it is possible to write down explicit expressions for the correlation functions

<V—mbw1 (x7 j)Val (O)VQQ (OO)V%wn—l (1)>

in terms of finite dimensional integral for m > 1, but the result will have more tedious
form. We plan to consider these and more general correlation functions in the forthcoming
paper 2.

If we consider the operator product expansion of the field V_;,, with the field V.., ,
in the correlation function (B44), we find that the coefficient before singularity (1 — z)>*/3
defines the three-point correlation function C(ay, e, 2wy, 1 — bw1), which is given by the

expression
C(aq, g, swp—1 — bwy) = (3.47)
b\ 1 (2Q—a.p) (T(B)" T (50) T1 T((Q —ay, €)>T<(Q — g, 6))
T TIT (%2 + (a1 = Q. hy) + (a2 = Q) + b3y )

ij
n—1
k=1

where t,, = 1. Integral in eq. (B.47) can be calculated in many different ways. The simplest

one is to combine egs. (B.3d), (B:46) and (B.41)) and express it in terms of hypergeometric

functions of the type (n,n — 1). As a result we obtain that

n—1 n-1 — A
/ LT Pt ltwPA B0ty — tyoga PP A=V ey — 17240 = 7t Loy By = Ajer)
P 7(A1)

X

n—1
Al . An 1—Bip+A1 ... 1-Bp+An
6 (Bl Bn—l) + Z & (1*Bk+Bl 2= Bp,... 1=Bg+Bn_1 ) |’ (3'48)
k=1

121t can be also proved, that integral in eq. ) satisfies holomorphic (and antiholomorphic) differential
equation (B.36).
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where

& (i, ) & i) (e 1) (3.49)
V(B1) ... v(Bn-1)

As we see from the above, the four-point correlation function in sl(n) TFT, which
contains completely degenerate field, satisfies differential equation, only if at least one of
the other fields is special. Namely, if field V,, is degenerate at the first level (parameter
ag takes the special value a3 = »w,_1), then the four-point correlation function satisfies
Fuchsian differential equation of the order n, which can be reduced to the generalized
Pochgamer differential equation (B.3¢]) and, hence, it can be represented by the Coulomb
integral (B.46)). Without such a condition, the four-point correlation function seems to be
more complicated object. One can prove, that for n > 2 it can not be a solution to the
ordinary Fuchsian differential equation of the order n [R0]. However, if the field V,, is
degenerate (but not completely degenerate) at the higher levels my + 1, k =1,...,n — 2,
i. e. parameter ag takes the special values

n—2

a3 = AWp_1 — Z mkbwk (3.50)
k=1
with non-negative integers my, then the four-point correlation function can be represented
by the Coulomb integral of the finite order.

4. Classical limit (heavy exponential fields)

In this section we consider the semi-classical limit b — 0 of the conformal TFT. Let us

define classical field as
¢ = bp. (4.1)

Its dynamics is described by the classical action

n—1
Selass = &T% / [(8«5)2 +8rub® Y el (4.2)
k=1

In this limit the leading asymptotic of the correlation functions (saddle point asymptotic)
is governed by the classical action calculated on some specific solution to the equations of
motion, which follow from the action ([L.2).

We will consider here the case of s[(3) TFT, as an example (sl(2) case corresponding
to Liouville field theory was considered in [[L7]), which is already non-trivial. The main
asymptotic at b — 0 of the correlation functions (Vi (z1,21) ... Vay (2N, 2n)) of heavy

operators with parameters

ay, = ’7—; (4.3)
is given by the regularized action'®
<Va1 (21, 21) ... VaN (ZN, EN)> ~ exp(—Szlefss [(ﬁ(nl ... 77N‘217 Z21...2N, EN)]), (4.4)

13We will show it for the case of s[(3) TFT in ref. [@]
The divergences arise from the vicinity of sources corresponding to the insertion of the operators V.
To obtain finite answer one should re-normalize them. See [E, @] for the regularization prescription.
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here ¢(n1...1mN 21,21 ... 2N, Zy) — real single-valued solution to the Toda equation
0P = mub? (616(61’¢) + 626(62’¢)) (4.5a)
with the asymptotic conditions

¢ =—4dplogl|z|+... at |z] — oo, (4.5b)
¢=-2nloglz—z|+X;+... at z—z. (4.5¢)

In eq. (.5d) X is a z independent term. The solution to the boundary problem ({.5) with
positive cosmological constant p exists if

N

> iwr) -2>0 k=12 (4.6)
i=1
The regularized action S5 on this solution can be calculated as follows [L7]. By definition
of the classical regularized action its differential is related with parameters X; defined by

eq. (f.5d) in a simple way
N

ds(tleagss - - Z (Xj’ dnj) . (47)
j=1

The constant of integration in eq. ([.7) can be fixed by the condition!®

N
reg — . 31 s 2‘ 4.8
class 5. (0 on)=2 ; (77@’ 77]) og |Zz Z]| ( )

In the case of s[(3) TFT it is convenient to introduce the projection of the field ¢ on the
fundamental weights wg, k = 1,2:

D), = (¢, wi)- (4.9)

In terms of fields @5 equation (f.5d) has a form
00D = Tub2e?®1— 2, (4.10a)
00Dy = Tub?e?®2 %1, (4.10b)

General solution to the system of equations ([.10) can be obtained by introducing the
holomorphic currents

T = (091)% + (092)% — 08,095 — 0°®; — 0D, (4.11)
and

1 1
W = (acpl(a@z)? + 09,0°® — 56%82@2 - 5a?’cpl) (4.12)

— <6<I>2(6<I>1)2 + 8@282‘@2 — %8@282‘@1 — %(93(1)2> .

15Tn quantum case this condition means, that correlation function (Va, (21,21) ... Vay (2n, Zn) is trivial
in the case, then Y ax = 2Q. Namely, correlation function has a multiple pole under this condition with
residue expressed in terms of free field correlation function without screening fields (see eq. ))
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Using eq. (f.10), one can easily verify that 0T = OW = 0. In a similar way, if we change
0 — 0 in ({.11)) and (f.19), we obtain anti-holomorphic currents T and W. It follows from
the explicit form of the currents T and W, that field e~®* satisfies both holomorphic and
anti-holomorphic linear differential equations of the third order

<—a3 + %m + T+ W) e 1 =0, (4.13a)
(—03 + %5? + T+ W> e =0. (4.13b)

Similar equations for e~®2 with changed sign before W and W are also valid.'® Differential
equations ({.13) will play an important role in the following.

From the other hand, equations ({.13d) and (f.13H), being viewed as a system of
linear holomorphic and anti-holomorphic differential equations with arbitrary functions
T(2), T(2), W(2) and W(Z) can be used to solve the system ([.1(). Namely, let ¥} = ¥;(z)
are three linearly independent solutions to eq. ([E13d) and ) = Wy (2) are three linearly

independent solutions to eq. (-13H).!” Then we can express the field e~®1, as a bilinear
combination 5
e ®1 = Z R (4.14)
k=1
After that we find the field e=®2 from the equation (f.104)
3
€_<b2 = —(ﬂubQ)_l Z (\IIZG\IIJ — \I/ja\lfl)(\ilzgq/] — \T/]g\ilz) (415)
i<j=1
Second equation (K.10H) is satisfied only if
= - = 3
WUy, Uy, Us] W [Ty, Uy, T3] = — (mpb?)”, (4.16)

here W Uy, Wo, W3] is Wronskian. Henceworth, the solution to the system ({.1() can be
build up from the solutions of any pair of holomorphic and anti-holomorphic linear differ-
ential equations of the third order with the condition (4.14).

In our case, we should solve eq. ({.5d) with boundary conditions (4.5H) and ({.5d). It
puts the limitations on the possible form of the currents T(z) and W(z). As a consequence
of eq. (.5H), the currents T(z) and W(z) have asymptotic at infinity

1 1
T(z) ~ I W(z) ~ = at z — oo (4.17)

and due to (f.5d) are in fact the rational functions

(4.18)

B N W Dk Ek
WE =2 <<z_2k>3 Temart <z—zk>> |

k=1

161t is evident because current T(z) is symmetric and current W(z) is antisymmetric under the substitution
1< 2.
17Generally speaking functions ¥y and ¥}, do not complex conjugated to each other.
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here parameters §; and wy are expressed in terms of vector parameters 7y as

2
W = ((mel) - (77k,w2)) ((Uk,wl) - 1) ((7719,002) - 1)

5, (> k) (o) o

and coincide up to a sign with semiclassical limit of the quantum numbers (B.3d) and (B.3H).
The parameters Cy, Dy and Ej are not defined from the main asymptotic ({.5d) at z —
zk, but contain information about next subleading terms. In fact, they are not linearly
independent, but satisfy linear algebraic relations, which follow from the asymptotic (4.17)
(analog of Ward identities (B.4al) and (B.4H) in quantum case).

First interesting case is the case of three singular points, which corresponds to the
semiclassical limit of the three-point correlation function. Let us consider it in more details.
In this case the number of equations, which follow from the asymptotic of the current T(z),
is enough to find parameters C. Really, we have three parameters C', Cy and Cs and three
conditions, which follow from the asymptotic of the current T(z) at infinity. Unfortunately,
this is not true for the asymptotic of the current W. In this case, we have six parameters Dy,
and Fj and only five equations, which appear from the asymptotic W(z) ~ ZLG Therefore
one parameter remains free. Evidently, it corresponds to the possibility to add to the

current W(z) the term
1

(z = 21)2%(z — 22)2(2 — 23)?

with arbitrary coefficient. In order to emphasize this one-parameter freedom, let us fix first

non-vanishing term of the asymptotic of the current W(z) at infinity as

1
W(z) = 556 [W1212213(212 + 213) + Wazo1 223(221 + 223) (4.20)

1
+W3231232(231 + 2’32) + 2A2122132’23} +0 (;) .

The parameter A, which we call accessory parameter, is not known a priori. Here we arrive
at the main difference with sl(2) case, where the accessory parameters do not appear in
the case of three singular points [B7]. This difference explains at the classical level why the
three-point correlation function is much more complicated object in higher Toda systems.
As we will show below, the parameter A can be found, in principle, from rather different
arguments, which resemble the conformal bootstrap program.

Using projective invariance of eqs. ({.13))'® one can rewrite them through the invariants

of four points
T = (z = 21)(z — 23) and I = f
(z —23)(22 — 21) (z

0ne can show, that differential equation
1
(783+§8T+T8+W) ¥ =0

is invariant under the substitution z — w(z), ¥(z) — (‘;—“:)71 U(w), T(z) — (%)2T(w) — 2{w, z} and

W(z) — (i—lz”)a W (w), where {w, z} is Schwartz derivative.
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1 Cs
Co

Figure 1: Basic monodromy contours for the equation ) in the case of three singular points.

For example, eq. (f:13d) will have a form

<—a§ + %amT(x) T ()0, + W(:c)) U(z) =0 (4.21)

51 I 52 63 - 51 - 62
22 (x—1)2 x(r—1) ~

4.22
w1 Wo 1 (Wl — W9 + A) ( )

1 1
W =t o Tt et (‘ ) <m—1>2> T

Equation (4.21) is the most general Fuchsian differential equation of the third order with

three singular points 0, 1 and oo modulo ”gauge” transformation ¥(z) — 2%(z — 1)0¥(z).
The "gauge” is fixed by the condition, that term with second derivative 92W(z) is absent

in eq. ({21)).

In order to solve the problem ([.5), one should find real single valued solution to
egs. (.13). The last requirement is not trivial, because the general solution to eqs. ({.13)
does not satisfy this property. Let 1/ be the basis of the solutions to eq. (f.13d) with
diagonal monodromy around point z = 2;

Y= (z —2)TM=Ph) 1410z - 2)) k=1,2,3 (4.23)
If we write a diagonal bilinear combination
e = M |1 4 Aale]?® + Aslus|?, (4.24)

such a solution is evidently invariant if we move point z around point z; (contour Cp on
figure [l). But we need also such an invariance around points 2o and 23 (contour Cy and C3
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on figure [ respectively). Let x be the basis of the solutions to eq. (.13 with diagonal
monodromy around point z = zo

Xe = (z = 2) TP 14 Oz — 29)) k=1,2,3. (4.25)
The following formula also should be valid
e = Xixal® + Aalxal® + As|xsl? (4.26)

with some other constants A,. If the solution e ®' can be represented simultaneously
as (f.24) and as (f1.26) it becomes single-valued on a total sphere, because the contour
surrounding point z3 can be transformed to the contour surrounding points z; and zs, as
guaranteed by the condition (JL17). As functions ¢} and yy satisfy the same differential
equation, they are linearly connected

i = Mijx;. (4.27)

Entries of the matrix M;; are believed to be meromorphic functions of the parameters oy,
wy and the accessory parameter A (for the real values of the parameters dx, wy and A
matrix M;; is real). If we substitute relation ({.27) into eq. ([.24), we obtain unwanted
cross terms like x1x2 destroying the property ([1.2(), which guarantees that solution is
single-valued. So, one should set all coefficients before such terms equal to zero. As a

result, we arrive to the system of equations

My Mya Moy Moo M3y M3 A1
M1 M3 Moy Moz Mgy Mss X2 | =0. (4.28)
Mo My3 Moo Moz M3zo Mss A3

The determinant of the corresponding matrix should be zero

M1 Mg Moy Moy M3z Mo
det M11M13 M21M23 M31M33 =0. (429)
Mo M3 Moo Moz M3zo Mss

The condition ({29) can be viewed as an equation on accessory parameter A. Each acces-
sory parameter A, which solves equation ([£.29) gives single-valued solution to the boundary
Toda problem ([L.H).

Let us try to find a solution to this equation in a special situation, which corresponds
to the classical limit of three-point correlation function (R.39). Namely, we suppose that

N3 = Kwa. (4.30)

In this case one can guess accessory parameter A, which solves equation (4.29):

A= (g - %) (51 - (52) - % (Wl - W2) (431)
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from the rather simple reasoning. The logic is the following: if the condition (¥.3(]) is
satisfied, the equations ([t.13) have the same behavior near the singular points as a hyper-
geometric equation of the type (3,2), but do not coincide with it if parameter A is general.
So, we select such special value of the parameter A defined by eq. ({.3]), that these equa-
tions are identical. One can easily check that the equation ({.29) is satisfied in this case.
The solution to the boundary problem ([l.) can be obtained in this case in a simple way:
expression for the field e~®! can be derived by semiclassical limit of four-point correla-
tion function (B.46) for n = 3, while expression for the field e~®2 can be obtained from
eq ((.104). Both of them can be expressed in terms of Coulomb integrals (for simplicity
we set 21 =0, 20 =00, z3 =1 and z = x)

et = faP e 1% [ Pedy e o Py - 1P P P

] 2 ) ] o (3)
et =& faP e 1P [ Pedy e o Py - 1P e
with
K K
o, = —1+ o4 (= py hier) + (02 = pohu), bk = =5 = (= po hie) = (02 = ps )
(4.33)
~ K * * - K * *
a = —3 + (m = p, hipyr) + (2 = p, 1), by =—-1+ 3 (m — p,hy) — (2 — p, ),
where h; = —hy_;, and
o W TG+ ( — pyhi) + (2 — p, b))
19
& ahi + - ah' 3
H, 1H] 1[7 —phi) + (2 —p ]))]1 (4:34)
s

Hk 17% ( P7hk) (n2 — p, h))

This solution can be also written through the hypergeometric function of the type (3,2).
The regularized classical action on this solution S= 2

class
and ([£§) and has a form

Sires = ((m +m2,p) + K — ) log(mub®) + F(k) + > F((p—m,e)) + Y F((p—me))

can be easily found using eqs. ([£7)

e>0 e>0
=Y F (5 = ph) (= pi k) = F2(0) (4.35)
with .
F(x) = [ log y(t)dt. (4.36)

2
We see that the classical limit of the proposed three-point correlation function (R.39) is in
complete agreement with expression ([£.35).
We have found a solution to the boundary Toda problem ({.§) and an explicit expres-
sion for the accessory parameter A in the case of five-parametric family (vector param-
eter n3 restricted by the condition 73 = kws). In general case boundary problem ([LH)
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is rather complicated, because it corresponds to the most general differential equation
of the third order with three singular points of the Fuchsian type (by projective invari-
ance this equation can be transformed to equation (f£21))). It is interesting to notice,
that to the same type belongs differential equation for the four-point correlation func-
tion (V_p(2)Vay (21)Vay (22)Vas (23)) in the Liouville field theory [B] (sl(2) TFT).!? It can
be transformed to the differential equation ({.2I]) with parameters (one should take into
account projective invariance)

2 2
@g:—gb%GALQ%)—3—2¥% wk:—?ﬁb%3&9ALﬁm)—&#—l&9—9L A =0. (4.37)
If we introduce auxiliary parameter g = —b?, then the numbers 6, and wy, are subject the
condition )
3wp  4g
op ——=——-1 4.38

which can be parameterized in terms of vector parameter 7, which enter in eq. (4.19), as
Nk = )\k(dl + (Ak - 29)(4)2 k= 1,2,3, (439)

where wy and wy are the fundamental weights of the Lie algebra sl(3) and Ay are auxiliary
scalar parameters. Simultaneous single valued solution to equation (E.21) and to corre-
sponding antiholomorphic equation can be written in terms of Coulomb integral [RY,
(this solution coinsides up to multiplicative constant with the field e=®1)

2
7t = DY < 105 [T e Pt~ 1P e - 5PODR(0) P, (4.40)
k=1

where Do(t) = |t; — t2|? and
1
A=-X\—-C, B=-X—C, C:1+g—§()\1+)\2+)\3). (4.41)

The dual solution to the differential equation (f.21)) with changed sign before current W (z)
(this solution corresponds to the field e~®2) has a form

2
e = 1P [ TT 00— 1P o DR (0) P Pty (142
k=1
with
A'=A+yg, B'=B+yg, C'=C+yg, g =-g
Functions e~®! and e~®2 given by eqs. (f40) and (f.49) define modulo numerical factors
the solution to the Toda boundary problem ({.) with three singular points 0, 1 and co and

parameters 7, given by eq. (f.39). We do not give here explicit expressions for the numerical

9Here we use standart for the Liouville field theory (LFT) notations, which differ from those used in this
paper. Namely central charge in LFT equals ¢, = 1+6(b+b"")? and exponential fields V,, have conformal
dimensions Ar(a) = a(b+ b~ — a). One should emphasize, that parameter b here is formal parameter,
which does not goes to zero.
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constants ® and @’ before integrals ([L4() and (f.49) and for the action calculated on this
solution, because in this paper we do not suppose to quantize it.

The results of this section show, that the boundary problem ([L.§) for the s[(3) Toda
equation is much more complicated than the corresponding boundary problem for Liou-

ville equation. Even in the case of three singular points one should deal with accessory
parameters. Boundary problem ([L.J) can be reduced to the problem to finding single val-
ued solution to the holomorphic and antiholomorphic Fuchsian differential equations of
the third order with given behavior near the singular points.? We have shown that it
can be reduced to the problem of finding values of accessory parameter A which solves
equation ({.29). We suppose, that in the domain ([£f) the solution to this equation is
unique.

An interesting question how to find parameter A. We have found it in two different
cases. First case is when one of the parameters 7 is proportional to the fundamental
weight (for example 73 = kws). In this case accessory parameter A is given by eq. ({.31).
Another interesting case, which corresponds to the differential equation for the quantum
field V_; in Liouville field theory gives the value of the parameter A = 0. One has to notice,
that in both cases the solution to eq. (f.2]) is given in terms of Coulomb integrals over a
plane (egs. (f.32) and ({.4Q) respectively), so these solutions are evidently single valued.
An important problem remains unsolved: how to find parameter A in general case? It is
difficult to expect, that solution to eq. ([.21]) in general case can be expressed in terms of
finite dimensional integral. Because of that we do not have a efficient procedure to find
matrix M;; defined by eq. (E27). We suppose to develop the effective numerical method
to solve this problem in a future publication.

5. Classical limit (light exponential fields)

In this section we consider the semiclassical limit of s[(3) TFT in the opposite case of light

exponential fields V,, with parameters
Q. = bnk- (5.1)

The solution to the Toda equation ([l.5d) with positive cosmological constant  in this case
does not exist, because the condition (l.q) does not satisfied. In order to have a solution,
it is useful to perform analytical continuation y — —p.2! The leading asymptotic behavior
of correlation functions at b — 0 is now governed by the solution to the Toda equation
with the opposite sign in the r.h.s.

D0 = —mub? <ele(el’¢) + 626(62’¢)> . (5.2)

It is evident, that light exponential fields V4, do not affect on dynamics, it means, that in

this case one has to set

T=W=T=W=0 (5.3)

20The most general such equation with three singular points 0, 1 and co is given by eq. (.21).
21 Alternatively, one can consider the correlation functions with the fixed ”area”. See ref. |17 for details.
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in egs. (f.13). General solution to eq. (5.2) expressed in terms of solutions to eqs. ({.19),

which in this case are the polynomials of degree 2. It is convenient to parameterize these
polynomials by nine complex parameters ag, by and ¢ (k = 1,2,3) as follows

C

The solution to the Toda equation (f.9) is given by
$°(z,2) = —plog(mub?®) + e1®V(2, 2) + ea®Y(2, 2) (5.5)
with p being the Weyl vector and
(2, 2) = —log (|p1|* + [p2* + [psl*) .~ @5(2,2) = —log (|1 [* + |p2|* + [Bs[*) . (5.6)

where the dual polynomials p; are defined as

~ / / ~ / / ~ / /
P1 = pap3 — P3P P2 = p1P3 — P3Py, D3 = D1Py — DDy (5.7)

A

Due to eq. (4.16) nine complex parameters ag, br and ¢ are subject to the SL(3,C)
constraint
a; by o
det | ag b ¢ | = 1. (5.8)
ag bz c3

The difference with the semiclassical limit of the correlation function of "heavy” exponen-
tial fields considered in section [ is that the saddle point now is not unique. The action
is minimazed on any function ¢°(z, z) defined by eq. (5.§). So, in order to obtain the
semiclassical expression for the correlation function of the light operators V,, one should
integrate over the space of all polynomials (F.4) restricted by the condition (f.§). Namely,
the semiclassical limit of the N-point correlation function is given by the integral

1

N
Z(%m (z1,21) - Vo (23, 20)) = / [T et @ eaDan ay, by, ), (5.9)
k=1

where Z is TFT partition function and dQ(a, bx, i) is the SL(3,C) invariant measure.
It is evident from eq. (b.6), that fields ®9(z,2), ®J(z, 2) and the integral (5.9) have
SU(3) invariance. Hence, the integral (5.9) is just proportional to the volume of SU(3).
We use Iwasawa decomposition for the SL(3,C) to fix the gauge. Namely, each SL(3,C)
matrix can be represented, as a product of SU(3) matrix and uppertriangle matrix with
unit determinant:
oab
SL(3,C)=SUB3) x |0 v ¢ (5.10)
00T

here a, b and ¢ are the complex numbers and g, v and 7 are the real numbers with the
condition gv7 = 1. In this gauge polynomials p;, and pj, defined by eqs. (5.4) and (p.7) will
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have the following form

2
0z
p1:7+a2+b’ p2 =vz+ec, p3 =T,
5 (5.11)
~ N ~ ovz
Pl = VT, p2 = 7(0z + a), P3 = 5 + coz + ac — bu.
The measure will transform to
dQ(ag, by, cx) = dO d?a d*b d*c ¢do vdv, (5.12)

where d© is SU(3) invariant measure.
In the case of three-point correlation function it is convenient to introduce the notations

(m,ej) = N5 (m2,e5) = K53 (n3,e5) =045 j=1,2. (5.13)

The semiclassical limit of three-point correlation function has a form

7 Vo (21 21) Vi (2. 20) Vi (2. 20)) g () 00
X J (A1, Ag; K1, K3 01, 02|21, 21, 22, 22, 23, 23), (5.14)
with
J(A1, \o; K1, K23 01,0221, 21, 29, 22, 23, 23) = (5.15)
= /exp (Zz: (M@ (21, 21) + ki@ (22, 22) + 0% P} (23, Zg))) d*a d*b d*c g*do vdv,
k=1

where functions ®9(z) are given by eq. (b.6) with polynomials py and pj defined by
egs. (b.11)). The coordinate dependence of the integral (5.17) is fixed by the projective
invariance and we can set z; = 0, zo0 = 1 and 23 = co. More exactly we consider the limit

of the integral (f.15)

J(A1, A2; K1, ko3 01,02) = Z;ijnoo |23|2@1792) J(\1, Ags k1, ks 01, 02]0, 1, 23). (5.16)

Function J(A1, Ag; k1, k2501, 02), which defines the semiclassical limit of three-point corre-
lation function, will be the main object of this section. For convenience, it is better to
renormalize parameters a, b, ¢, 0 and v

a — va; b — Tb; c— Tc,

0 — TO; V— TV (5.17)

and take into account the condition 79 = 1. Then function J(A1, Ae; k1, ko; 01, 02) can be
represented by the eight-dimensional integral

925V2A do dv

m dzadzbdQC (518)
INZNZRZ o v

J(A1, Ag; K1, Ko; 01, 09) = 47112 /
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with

— 2 2 _ 2 02
Zy =14 |b]* + |c|*, Zy=14|c+v|"+ [b+va+ =|,
2 5.18a)
o2 |0, co 2 (5.
Zy=1+lafP +lac—b2,  Zi=1+]o+ 2] +|2+Zrac—y)
v 2 v
and )
5=g()\1+2)\2+/€1+2/€2—201—02)7
(5.18b)

1
AZg()\l—)\z—i—Hl—IiQ—FO’l—Ug).

After non-trivial transformations (see appendix [B for details), integral (p.1§) can be re-
duced to the three dimensional Barnes like integral

F(M1, Aas ki1, kg 0, o) = AMFRITOI=A (5.19)
o F()\1—|—1€1—|—O'1—A—Q)F(A2—|—I£2—|—O‘2—|—A—2) »
F()\l)I‘()\g)I‘()\l + Ay — 1)F(/¢1)F(f@2)l”(/@1 + Ko — 1)F(0’1)F(O‘2)F(0’1 + 09 — 1)

/ dudsdy 4 “T'(y)T'(s)T'(w)'(o1—u—s)I'(Ae+A—u—s)I'(01 —ke—A+y) -

X—
(2mi)3
[(o1—ke+AM—A —u—s)I'(k1+ro—1—y)T(k1+ M1 —A—-1—y)'(ka+o2+A—1—y) -
F(k1 =X —A+s)(ke+A—o1+s)'(u—A)
'(Ay — A ,
(A2 = r1 + A+y) Fs+y) M +r1+o0o1—A—-1—u—s—1y)

where the integral over variables u, s and y goes along imaginary axis. Integral (5.19) is
convergent in the domain

L+ (m —p,hi) + (n2 — p,hy) + (3 — p,hi) >0 i (hy + hy + hy, p) > —1,

. (5.20)
L+ (m —pshi) + (2 — p, hy) + (n3 — p, hi) <0 if (hy + hj + hy, p) < —1,

where vector parameters 7;, 70 and 73 are related with parameters A\p, ki and o by
eq. (b.13). By definition, the integral (5.9) and hence the integral (f.19) should be sym-
metric with respect to substitution A — x — ¢ and also with respect to substitution 1 — 2,
but these symmetries are not evident from it explicit form. We were not able to repre-
sent this integral in terms of the finite sum of the known functions. Another alternative
expression for the function J(\1, \o; k1, K2;01,02) in terms of three-dimensional integral
of Tricomi functions is given in the appendix [B. We see, that the integral (5.19), which
is semiclassical limit of the three-point correlation function, is already rather nontrivial
object. Henceworth, it is difficult to expect that quantum expression will have a simple
form.

Integral in eq. (b.19) simplifies drastically if one of the parameters \i, Ky or oy equals
to zero. For example, let us consider the limit 01 — 0. We see, that due to the factor
I'(s)['(u)T (01 —u— s) in the integrand in (f.19) in this case integral (5.19) develops a pole,
when we pinch points v and s near the point u« = s = 0. This pole cancelles with a zero
coming from function I'(¢1)~! in the prefactor of (f.19) and remaining integral over the
variable 3 can be performed using the first Barnes lemma (D.6). As a result we obtain a
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simple expression for the function (f.19)

J(A1, A2 k1, K23 0,00) = AT H0ntm.0) (5.21)
Hij O
F(O'Q) He>0 F(l + (771 - P, 6))F(1 + (772 — P, 6))7

where vectors 7, are given by eq. (5.13) and

X

0. — 3 V& (m —p.hi) + (2 = p,hy)) - 3F (hi+hyp) > —1
7O PA =% = (= pohi) = (= phy)) i (R + Ry, p) < —1

The result (f.2]) agrees with the corresponding limit of the three-point correlation func-
tion (R.39), where a; = bny, ag = bne and » = bog. If all vectors 7 are general, the
integral (p.19) is much more involved object and we plan to study its analytical properties
in a future publication.

Another interesting point, where the integral (p.19) can be calculated exactly, is de-
fined by the condition oy = —m with integer m, i. e. 13 = gows — mwi.22 In this case
function (5.19) can be given by triple finite sum, which in general contains

(m+1)(m+2)(m + 3)

N(m) = ; (5.22)

terms and has a form

IO, Aas K1, kg —m, 0g) = AMFTRTAD(N 4 k) — 2—m—A)T(—m—A)T (A —ka—m—A)
(k1 — Ao —m—A)( A+ ke +A—1) x
A —(m+1) =AY (k1 — (m+1) — A)T' (A2 + A)T (ke + A)
T(A)T (X)L (k)T (k2)T(02)T (AL + Ao — D)T(ky + kg — 1)

m

Z (_4)_81_82_83 (_m)81+82+83(_A - m)81+82+83(1_A_m_02+51 +52+53)81
81!52!83!

$1,52,83=0
X (A1 —h2=m—=A) s, —s5 (K1 = A2 =M= A) 5y 5, (A1 = (M+1) = A) 55 (k1 — (m+1) = A)s,
(A2 + A)meS(’@ + Ay (02 — (m + 1))82+83 (B—A—02— X2~ “2)m732783 (5.23)

where
@) =z(xz+1)...(x+k—-1)

and A is defined by eq. (5.18H) with o1 = —m.

It is interesting to consider eq. (5.23) in the limit o9 — —n (corresponding quantum
field will have parameter &« = —mbw; — nbws and will be completely degenerate). If
we substitute oo = —n in eq. (5.23), then for general parameters )\, and kj; function
J(A1, Ag; K1, K5 —m, —n) will be zero due to the factor 1/I'(03). This represents the fact,

22In quantum case field V,, with parameter a = oows — mbw: is partially degenerate (it has a null-vector
at the level m + 1). The three-point correlation function with such a field can be expressed in terms of
finite dimensional Coulomb integral, as it will be shown in ref. @], and generalizes the answer () for
the case of Lie algebra s[(3).
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that the quantum three-point correlation function C(—mbw; — nbws, a1, o) (where ay =
bni) with completely degenerate field and two arbitrary fields equals to zero. However, if
one tunes the parameter oy for the fixed value of the parameter «; in a special way (there
are only finite number of such possibilities), then this correlation function will be infinite,
namely, it will have a double pole in this limit. In this case, as was explained in section [,
it is reasonable to study the structure constants of OPE, which are defined as the main
residues of three-point correlation function. At semiclassical level it means, that one should
fix parameters A\; and Ay and for given value of the parameter o1 = —m find such values
of the parameters x; and kg9, that function (5.23) has a double pole in the limit o9 — —n.
Namely, if parameters x1 and ko approach to the values

ki=X—n+2—k, ko=A—m-+2k—1, (5.24)

i. e. my — 0 —nw; — mws + leg + keg, then the double pole appears for integer k and [
restricted by the conditions

k>0, I<m+mn; [ >k—m. (5.25)
From the quantum point of view, it means, that correlation function

C(—mbwy — (nb+ €)wa, a1, a] — nbw; — mbwy + lbey + kbey) ~ (5.26)

1
2
becomes infinite in the limit € — 0. It follows from the fact, that this correlation function
coinsides up to Weyl transformation with correlation function

C(—mbw; — (nb + €)ws, oy, af — bhkL ) = (5.27)
Ril(al - bhfén)C(—mbwl — (nb+ €)ws, a1,2Q — oy + bhﬁlm),

where

hﬁlm = mw + nwy — key — leg, ﬁf,in = Mmwsy + nwi — keg — leg (5.28)

and R(a) is the maximal reflection amplitude defined by eq. (2.29). Correlation function
in the r.h.s. of eq. (5.27) has a double pole, because the sum of all parameters satisfies the
screening condition in the limit e — 0

—mbw; — nbws + a1 +2Q — ay +bhFL = 2Q — kbe; — lbes. (5.29)

The main residue in this pole should be associated with structure constant

a1 —bhkl
—mbwi —nbwa,a *

1
C(—mbw; — (nb+ €)wy, o1, 2Q — ay + bhk ) = —C (5.30)
€

So, in this case it is reasonable to consider the semiclassical limit of this structure constant.
Maximal reflection amplitude R(bn), which due to eq. (2.28) coinsides with inverse two-
point correlation function, has the following semiclassical limit (here n = K1w; + Kow2)

7T pb?
2

2Kk1+2K2
ZQR(b?]) — < > (I<L1 — 1)(/4:2 — 1)(%&1 + Ko — 2). (5.31)

b—0
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Semiclassical limit of the structure constant (f5.30) can be obtained by multiplying
egs. (b.29) and (p.31)), substituting (b.24), taking the limit o — —n and finding the main

—A1—A2—K1—K2—01—02

residue in this limit (one should take also into account the factor (7ub?)
in eq. (p.14), which relates function (p.21]) with the semiclassical limit of the three-point
correlation function). We see from eqgs. (p.14), (F-27) and (p.31)), that the structure constant
defined by eq. (b.3() has a smooth semiclassical limit independent on partition function

Zy. If we parameterize @ = bAjwq + bAsws, then the semiclassical limit of the structure
a—bhkl .
mn defined by the relation

constant C—mbwl—nbwg,a

OO L CHL (A1, A) (5.32)

—mbwi —nbwa,a b—0
can be written in a form

Ckl ()\ )\ )_ 7T,LLb2 kot m'n' %
mn AL A2\ Ty TADCO)T(AL + Mg — 1)
y Efril,n()\h)\Q)
TA\ —m+2k—1—1)T(As—n+2—k—DI (M +do—m—-n+k+1—2)

(5.33)

with function Efﬁ{n()\l, A2) defined as

(_1)k21—k4m
mlkl(m+1—k)!(m+n—1)
XF(A1+)\2—m+k—1)F(A1—m—|—k:—l—1)F()\2—m—n+l—1)F()\1+)\2—m—n+l—2) X

ShL (A = T —m+ k)l +1—k) x  (534)

m (_4)—81—82—83
Xs1 %0[ 81!82!83! (1_l+k_m+n+81+82+83)51 (k -1 - m)81+52+53

(=F)m—s1—s3 X (=) s 1spts5(l=M=71)m s, sy (—1=M—1)5,1

M +Ek—m—1—1)s (A2+l—m—n—1)5, X
X()\l—m+k)m_s2 ()\2+l—/<?)m_53 (3—/<:+m+n—)\1—)\2)m_52_53 .
From the explicit form of the function Eﬁ;{n()\l, A2) it can be shown, that it is non-zero
only if numbers k and [, besides inequalities (5.2§), are restricted by the conditions?3
1>0, k<m+n, k>1l-n. (5.35)

It is convenient to picture admissible pairs (k,[) (they are defined by the conditions (b.29)
and (5.33)), as a set of points on a plane. Namely, function (F.33) is non-zero only if points
(k,1) lay inside of a hexagon

k>0; | >0; m+n>k m+n>lI; n+k>l m+1>k. (5.36)

An example of fusion rules for the completely degenerate field specified by the highest
weight Q = mw; +nwy with (m,n) = (7,3) is shown on a figure fJ. We note also, that these

ZThese conditions follow also evidently from the functional relations () (see below).
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0 7 10 Kk

Figure 2: Fusion rules for the completely degenerate field specified by the highest weight Q) =
mwy + nwy with (m,n) = (7,3). Each point corresponds to admissible pair (k,1) in eq. (5.33).
Points on the boundary correspond to the weights 2% with multiplicity one, points on the next layer
boundary (which are shown by circles) correspond to the weights h*  with multiplicity two, points,
shown by crosses, correspond to multiplicity three and points, shown by stars (hexagon is degenerate
into triangle), correspond to multiplicity four. Total number of points (including multiplicities)
coincides with dimension of the representation (7,3): (m + 1)(n + 1)(m +n +2)/2 = 192.

fusion rules coinside exactly with quantum fusion rules, which were defined in section B

The sum in (p.34) can be reduced to a simple product for all points (k, 1), which have
multiplicity one (i. e. for points on the boundary of the hexagon). It follows from the fact,
that function ¥ (A1, \) satisfies remarkable functional relations.?* Namely,

Sl (A, A2) = SEF (A, Ap) = (5.37)
(—)m RS O k=, h) = S5O = Lk e — D).

In quantum case the structure constant, which corresponds to the weight h%n with multi-
plicity 1, as was noticed in section [, can be represented as a product of y—functions.

Using functional relations (5.37) it can be shown, that the number of terms in the
sum (p.34) can be reduced to the minimum of numbers

N(m), N(n), N(k), N(I), N(m+n—k), N(m+n—1), N(m+1—k), N(n+k—1), (5.38)

where N(m) is given by eq. (5.29). It is evident from the figure f] that this number de-
pends only on the multiplicity b of the corresponding weight h%n of the representation with

24We suppose to give a proof of quantum version of relations () in ref. @]
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highest weight mwi + nws. In quantum case expression for the structure constant (p.217)
for completely degenerate field can be reduced to the 4(h — 1)-dimensional Coulomb inte-
gral [PJ. For h = 1 this correlation function can be given, as a product of y-functions. For
h = 2 it can be expressed in terms of hypergeometric function of the type (3,2) at unity,
while for h > 2 it has more complicated structure. This fact clarifies the statement, which
was done in section P}, that the complexity of the structure constant depends drastically
on the multiplicity of the corresponding weight.

We note also, that due to eq. (R.49) structure constant (p.30) coinsides up to multi-
plicative factor with Coulomb integral

a—bhkl
—mbwi —nbwa,a

= (—Wu)k+llk,l(—mbw1 —nbwa, o, 2Q — a+mbwy +nbws—kbe; —lbes), (5.39)

where integral Iy ;(—mbwi — nbws, o, 2Q — oo + mbw; + nbwy — kbey — lbes) is defined by
eq. (B.33) for the case n = 3, which is studied in details in appendix [J. Using the notations
of the appendix [(J this integral equals

I, i (—mbwy — nbwa, a, 2Q — o + mbwy + nbws — kbey — lbes) = (5.40)

k!
— Tt (—b* A1, —b* Ao, —mb?, —nb?),

where the integral Zy(—b*\i, —b?Ag, —mb?, —nb?) is given by eq. (C.1)). Using asymp-
totic (C.H) for this integral, we can obtain additional representation for the semiclassical
limit of the structure constant (p.30).

Let us say few words about the semiclassical limit of general s{(n) TFT. This limit is

governed by the classical equation?®

n—1
00+ epel?) = 0. (5.41)
k=1

One can show, that as consequence of eq. (p.41]), field e~ (@19) gatisfies holomorphic and
antiholomorphic differential equations of the order n

(=" + T2+ .. )e Wb =0

_ _ 5.42
(=" + T2+ .. e Wb = (5:42)

where by ... denoted terms with derivatives of the smaller order. As a consequence of
eq. (b:42) field e~®* can be presented as a bilinear combination of the holomorphic and
antiholomorphic solutions to (5.42)

e~ W) = Z Uy 0. (5.43)
k=1

%1n eq. (p.41)) we have set for shortness mub® = 1.
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It follows from eq. (5.41)) that fields e~(“r?) with k # 1 have a form

W, Wi, Wi, v, Wi, s Wy,

. ou, OV, ... ow, || 0, 8V, ... 8V,
e‘(wk@)zz e e e e
1<ge<--<Je | ... ...oo.oooo oo s oo

6’?*1\11]1 6’?*1\15»2 6’“*1\I/jk 5]671@]‘1 51671\1/@ 5’671\1’%
(5.44)
The consistency condition is that the product of Wronskians of holomorphic and antiholo-

morphic solutions equals to unity

WU, ., U, Wy, .., 0, ] = 1. (5.45)

In the case of light exponentials, all currents in eq. (p.49) are equal to zero. In this case
functions ¥y will be the polynomial of degree n — 1

(3) 2 (n)

n—1
1 2) | Y 2 k_*
The condition (f.45) transforms to SL(n,C) constraint for the matrix al(j )
A a® o)
) o) o
det | ... .l =1 (5.:47)
gll) ag) . gln)

Semiclassical limit of the correlation function of the light exponentials described by the
integral

1 7 5 . (MK, (252k)) ()

Z)Wbm(zl,zﬂ oo Vo (28, 28)) — /kl—[le IR A ay”), (5.48)
here dQ(a,(Cj )) is SL(n, C') invariant measure. We suppose to consider semiclassical calcula-
tions, which were done here, for n > 3 in other publication.

6. Minisuperspace limit

It is interesting to consider another limit of sl(n) TFT at b — 0. In this limit in the

6 we take into account only the

Hamiltonian picture, associated with radial quantization,?
zero mode dynamics (minisuperspace approach). In this approximation the state created

by the operator Vy1;p, corresponds to the wave function

Votir, — \I/ﬁ%) (z),

260ne should take the geometry of semi-infinite cylinder of circumference o € [0,2n] (figure E) and
consider the states on the circle.
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Figure 3: Cylinder used for minisuperspace approximation.

where z is a zero mode of the field ¢. The function \Ifgf) () (sl(n) Whittaker function)
satisfies Scrodinger equation

n—1
(—v§+2mzeb<m>> v (z) = P2o (2), (6.1)

i=1

and in the region (e;,x) < 0 (Weyl chamber) possesses the asymptotic

W3 (2) ~ expli(P,2)) + Y Ss(P)exp(i(5(P),z)), (6.2)

sew
where the sum runs over all elements of the Weyl group W besides identical. The coeflicients
S;(P) are known exactly [B§] and can be obtained from the reflection amplitude (2.17) in

semiclassical limit b — 0

N

sip =11 (5)” REEy

One can show, that conditions (B.])) and (f.3) determine the Whittaker function unambigu-
ously. The minisuperspace approximation is valid if P;/b are fixed at the limit b — 0. If we
take ag = ibg and P, = bp;, for k = 1,2, then the minisuperspace limit of the three-point
correlation function (R.31)) can be represented by the integral

C(Q + ibp1, Q + ibps, ibg) — / At U () ) (z)e™0:0) (6.3)

The theory of the sl(n) Whittaker functions has some long history [Bg. In particular,
different explicit integral representations for these functions exist [0, [ (we will use
here representation, which can be extracted from the paper []). All these functions
are build from the Macdonald function K, (y) (which can be given by the integral (D.1))
by the recursive integral representation. To make sense the future statements we define
\115,9) (z) = \I’g)(x) = 1. It is useful also to introduce the variables

= b rpet(er )2, (6.4)
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and new function {Ivfgl) (y1,---,Yn—1) through the relation

WPwg—wp k)

n(n—1)/2 _iPp) n—l 2b _
().~ _ 2 T 3 H Yk (n)
Y ) = T a1, e) (5) k1< > )

Yn—k
e>0

(6.5)

The recursive relation connects function \Ifgg) with function vy

1y++yYn— 1 (66)

y
2) 1t tnh—3
/ / n/ Yo Y3y - -y Y2 Kitpeg) | 2Un—11/(1+12_5) ) x
to "3 tn—2 b

b1k (Pen_j—e)) _ dty dtn_o
« H [ =1 -3 Ki(PI,)eO) <2yk\/(1+tz1)(1+tk2)> ] —_— .. R
k=1

(n 2)

ty tn—2

where by definition ¢y = 0. Vector P’ in eq. (p.6) defined in a following way. If vector P has
a components Pp, Ps, ..., P,_1 in the basis of fundamental weights of the Lie algebra sl(n)
(i. e. (P, eg) = Pg, where e, are the simple roots of s[(n)), then vector P’ has components
Py, Ps, ..., P, 5 in the basis of fundamental weights of the Lie algebra sl(n — 2) (i. e.
(P',er) = Piy1, where e, are the simple roots of sl(n — 2)). To clarify eq. (6.6) and
definition of the vector P’ we give an expression for the function g )(yl,yg,yg) in the

appendix [ (eq. (E1)).

It is useful to introduce also Whittaker function in the momentum representation
¥ (q) = / o (2)e'@?) dg. (6.7)

The integral (f.3) describing the asymptotic of three-point correlation function transforms
to

. . . 1
CLQ + ity Q-+ ibpaibe) = sy [ W HGDINa—a). (63)

Let us consider the simplest examples of s[(2) and s[(3) TFT here. For the sl(2) case
(Liouville theory) we derive from eq. (6.9)

@ 2 T be
v (2) = NEW] ( - ) Kpf (2b e Ve ) (6.92)
Fourier-transformed Whittaker function can be easily find using eq. (D.J)
- (2) 1 -tz T <ﬁ(q +p)> r (ﬁ(q - p))
Vg = —= (55) 7 . (6.9b)
b2 T (—zp\/i)
The integral (b.J) in this case can be evaluated using the formula (D.4)
2 ibs T
/dx 02 ()02 () VP = (6.10)

Y RS B
C T(=ipV2)D(—ip1v/2) () /0 imva(2) Ky, 3 (29)
_ 1 (W_M)i(plj;2>i3 H€1::|: H€2:ir (% + &1 Z\I} + 52’\1’/)3>

b\ v? [(is)D(—ip1vV2)T (—ipav/2)




This function coincides with minisuperspace limit of the three-point correlation function
for the s[(2) TFT.
In the s[(3) case we obtain from eq. (f.6) the expression for Whittaker function

8 (M)_Z(pvp) y i(p,w1*w2)
O (z) = ) (—1> x 6.11a
bp( ) He>OF(—Z(p, e)) \¥2 ( )

dt —— m—
X/o t trema K, i(p,€0) <2y1 L+ 1/t2) i(p,€0) <2y2 L+ tz)

Fourier-transformed Whittaker function can be easily found using egs. (D.d) and (D.9).

The result is expressed again in terms of gamma-functions [B§]

27

P (bg) = (%)ﬂ(p‘ﬂ’p) Hi:lr(i(%wl)+i(p7‘hk))r(i(%w2) —i(p, )
P V3 [eso T'(—i(p, ) I(i(g,p))
(6.11b)
The integral (6.J) is much more complicated in this case. It is better to write it in the
momentum representation. As a result, for the asymptotic of the three-point correlation
function in s((3) TFT we obtain Barnes-like integral

1 (Z_g)*i(pﬂrpfrq,p)

67262 [T, L (—i(p1, €))L (—i(p2s €))

3

C(Q + ibp1, Q + ibps, ibg) — x (6.12)
qu/

></F(i(q’,p))T((q—q ) i

)
xT(i(q — ¢',w1) + i(p2, b)) T (i(g — ¢, w2 —Z(pz,hk))]

[D(ila'swn) + i1, )T (il w2) = i1, 7)) %

This integral can be calculated exactly in terms of gamma functions if ¢ = swy or ¢ = sws,
as was first noticed in [AJ].

In the case of higher n, Whittaker function is more involved object. The problem of
finding the Fourier transform of the product of two Whittaker functions was considered
in [fi4]. The most general situation, when the answer can be expressed in terms of Gamma
functions, is ¢ = sw; or ¢ = sw,_1. The generalization of the explicit s[(2) formula (6.10)
for the case of general n has a form

[z uig) i) @yettenre) - (6.13)
T (2 +i(p1, hi) + i(pa,

1 (ﬂ_ﬂ)i(s"21+(p1+p2ﬁ)) lz_][ (n Z(pl ) Z(pQ j))

AN A L(is) TT T(—i(p1,e))T(—i(p2,€))

e>0

We note that expression (f.1J) coincides exactly with the minisuperspace limit of the
three-point function (P.39).

2TThis function was firstly derived in ref. [@}
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7. Conclusion

In this paper we have considered in details particular examples of three-point correlation
functions (Vi (21, 21)Va, (22, 22) Vas (23, 23)) in sl(n) conformal Toda field theory, which can
be expressed in terms of known in mathematics special functions. If any vector parameter
a1, g or ag is proportional to the first or to the last fundamental weights (wy or wy,,—1) of
the Lie algebra sl(n), for example ag = sw,,—1, then three-point correlation function can be
expressed in terms product of so called T-functions (see eq. (2.39)). Unfortunately, general
situation is much more complicated. For example, if one shifts slightly parameter s»w,,_1 —
#wy,_1 — bwy then corresponding three-point correlation function can be expressed only in
terms of Coulomb integral (see eq. (B.47)) or equivalently in terms of higher hypergeometric
functions (B.4§). It is difficult to expect that general three-point correlation function can
be expressed in terms of known functions.

As we see from the results of sections [l, f and [, where the semiclassical and minisu-
perspace approaches to TFT were considered, three-point correlation function is already
nontrivial in these cases. For example, in "heavy” semiclassical limit, developed in sec-
tion [, a problem of finding it is rather difficult due to the presence of accessory parameters.
These accessory parameters disappear only for the case of the Lie algebra sl(2), which cor-
responds to the Liouville field theory. This is one of the reasons why the three-point
correlation function can be found in quantum LFT exactly. For sl{(n) TFT with n > 2
there is no (to our knowledge) simple regular procedure to obtain accessory parameters.
In the ”light” semiclassical limit (section [|) and in the minisuperspace limit (section [
it is possible to derive the expression for the three-point correlation function in terms of
finite dimensional integrals. Generally speaking it is not evident, that in quantum case it
is also true. The only thing, which can be done, is to find all cases when the quantum
three-point correlation function can be expressed in terms of finite dimensional integrals.
We will study this problem in the second part of this paper [BJ].
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A. The Coulomb integrals

Here we will discuss the problem of calculation of the sl(n) Coulomb integrals. They appear
in the theory of massless n — 1 component scalar field ¢, as expressions for the correlation
functions of the exponential fields V,, = e(®#). We will concentrate ourself on three-point

correlation functions

n—1
Loy (01,02, 5) = (Vay (00)Vaa (1) Vi (0) TT @34 ) (A1)
k=1
here Qy is a screening field Q; = [ ebexP) @22 and sj, are some non-negative integers.

Correlation function ([A-]) is non-zero only if the screening condition

n—1

al—l—ag—i—ag—l—szkek = 2@
k=1

is satisfied. In this case correlation function (@) can be rewritten using the Wick rules

Iy . 5,1 (a1,00,03) = (A.2)
/ ﬁdnsk O e 7 T e (Y rf G = T
k=1 =1
where D, (t) is defined by
D (1) = [T 0P (A.3)
i<j

In eq. (A-F) we have used the notations ; = (t,(:), e ,t,(:’“)) with t,(gj) being the coordinate

of the j-th screening e?¢+#) and we denote

. Sk ) . Sk ) 1 Sk )
il =TT 1= 10 =TT =115 dp ) = - TT a8
j=1 j=1 j=1
. R Sk S ) )
G~ &l = [TTT 1 — o1 itk #10 (A.4)
i=1j=1

We will study particular case of the integral (JA.2), which corresponds to the value of
parameter asg = »wy,_1

Jsyosn q(a1.. . an_1|c) = (A.5)
n—1 n—2
- - _op2 T 2
/dM51(t1) coodpg, (o) Bt P T 1k = 1P D527 (8) [ 1 — B[
k=1 =1
with
c=—bx, ar=—blag,eg). (A.6)
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This integral can be calculated using the following identity between integrals of the dimen-

sion 2m and 2n [, R9, B(]

n n+m+1
/d,un H H — P = (A7)
=1 gj=1
n+m+1
[T ~(1+mp) m ntmtl
i=1 2+2p;+2p ~2p5 2
|z; — ] ]/ 7
(1+n+2pz),H. ' Hl ]Hl

where D, (t) is defined similar to eq. (A3) and equals

D, (t) = [T 1t — ;I (A8)

1<j

Measure of integration is defined similar to eq. (E-4) and equal du, (w) = —— | d?w;.
Below we list the main steps of calculation. Using integral relation ([A.7) function ([A.5)
can be calculated as follows

e First, it is convenient to represent the factor Ds_12b2 (t1) in eq. (AF) as
_op? o2
D2 (t1) = Dy, (1)D, ™ (1) (A.9)

and substitute the factor Ds_ll_ZbQ (t1) using eq. (A7) withn =51 —1 and m =0

L 51b%)
D811 2b2(t1):7(71/ Dy, 1(y1) \y1—t1! —2b? 2dM51 1(y1)- (A.10)

Note that the number of variables g is equal to s; — 1.

e Second, the integral over variables #] should be converted using eq. ([A.7) to the form

— — o —9p2 — — 2
/Dsl(h) [t — 1% 8 — 1|2 2 [f — 2 dps, (1) =

132
(’;‘1 ‘ZQ (b 4)_71()11;—2‘_4?1) ) (G — 120021 1222 D;ijQ(tz) «
52— 81 ay

— _ _ N N 2 - 92—
xD 1 2 yl)/D521(y2) 5o — 17272 |G — o |2 — fa 72 2dpg,—1(y2).

The number of integrations over variables 5 is equal to s3 — 1. We note that factor

Dsll 12b (y1) in the r.h.s. of eq. ([A.9) combines with a factor Ds, _1(y1) in eq. (A.1Q)

to the standart combination Ds_lz_bi (y1) and interaction between s; — 1 points ¢, and
s9 — 1 points ¢, has a standart form |7 — gj'g\?bQ.

e Third, we note that the factor D;j2b2 (t2), appearing after the second step, combines
with the factor D;22b2 (t2) in eq. (JA.H). Hence we can take the integral over variables
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t in a way similar to the second step
[ Pt 1 = 1P B2 B () = (AD

YRV 0 far fag) L 1[2+2a1+2a2 |, | A+4b2 201202 1422 1,
5 |2 — 1] lts — 1] s (£3)
Y3+ (s3 — 52+ 2)b? + a1 + a2)

_ . o o ol2 A L 9b2 L = _op2_
D (92)/Ds31(ys) |3 — 1| 72020220 g 12 (g — 152 P dps, 1 (y3).-

e Repeating this procedure we will lower the number of integrations at every step. The
last integral over variables ,_; will be different from the integrals appearing at the

previous steps. Namely,

. - _ 2 - o o2
/DSnl(tn—l)\tn—l\zc |1 — 12D 20 a7 g [T 2 dpg, | (tar) =

iy YN =14 (=D F @t an)
yn+c+ar+-Fan1+(n—1—s,1)b?)
e U A [ A ST

y
‘gn—l

e As result, we obtain the recurrent relation

Torosns (1,02, an ) = (A.13)
K(afla ag, . .. ,an71|c) Jslfl,...7sn_171(a1 — bz’ as... an—1|c _ b2)
with
—s10%) y(1 ~1 ban o2
K(a1,az, ... a5 1]c) = (=s162) Y1+ )y(n—1+ a1+ + ap_1 + (n — 2)b?)

Y =0?) y(ntetar + o F g+ (0= 1= 5,21)07)

T Gtatta;+ (G — DB
: Hv(
j=1

L+j+ar+--+aj+ (sj41 — 55+ j)b?)

We note, that if we substitute parameters aj and ¢ from eq. (JAf]), then the solution to the
recurrent relation (JA.13) gives the expression for the integral (2.3§). We note also, that
recurrent relation (JA.1J) can be used to continue integral Jor,sn_i(@1,a2,. .., an_1|c) to
the non-integer values sy, (it gives the expression for the three-point correlation (R.39)).

B. Simplification of the integral (5.1§)

We start with the integral (p.1§)

926V2A dQ dv

S d*a d*b d?c, B.1
INZy2 7575 0 v B.1)

J(A1, Ao; K1, Koj 01, 09) = 471172 /

where Zj, is given by eq. (f.184). First, we use Feinman representation

1 I'(v) / ARz dr d§ dt
(B.2)
(

a0 Zy2 z5r 752 T(A)T (M) (k1)1 (k2)

Z4+th—|—Zg§+ZlT)v T f t
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with
U =X+ Ao+ K1 + Ka.

After that, we can calculate integral over d?a, d?b and over dp with the result

d—v=0—
7T24Ul+0’2 (5 F(U B - 2) / T2+ r ! V2A7'>\1§>Qtﬁl dzc d_V dT df dt (B?))

(Al)F(Az)P( )T (k2) Po T £t

with
r=1+t+7+E+7|c)P +tle+ v, F=0+r +trv

(1t ies o)) S ot o) 4 S50 le 5F)

P

The problem is that the quantity P is not quadratic in the variable c. In order to proceed
simplification, we use the following trick. We can multiply our expression (B.3) by

= — — P = -1 B.4
! 2 J_ S /Oo dps /Oo ds (s ) (B4)

and insert s somewhere into (B.3). More exactly, we will need to do that four times. We
just show the places of insertion of different s

P sa(6 T ) + (LAt letv). 7o (14 Er 4 sty

P — s1<£<1+t(1+\c+yl2)) + 83 §(§+T(1—Hcl ))) +Z—§<1+yc+g?>.

The integrals over s; can be calculated exactly (first over sj, second over sy etc). After

that, the integrals over ¢, 7 and ¢ will be of the type (D.H) and also can be calculated. The
remaining integral over dv and d?c will be

[ OA )N (fera) (1es 2) T Y e g
14

Using technique, described above, one can reduce integral (B.§) to one dimensional integral.
As result, the integral (B.1)) can be reduced to five dimensional Barnes-like integral. By
using the first and the second Barnes lemmas (D.f) and ([D.7), one can reduce it to three
dimensional integral (p.19).

The integral (5.19) can be also rewritten in a different form in terms of Tricomi func-
tions, which are defined by the integral representation

U(a,clz) = ﬁ /000 dte ™o (1 - t)eaL, (B.6)

This function can be expressed through the confluent hypergeometric function

®(a, c|z) :HE +l%x2+... (B.7)
U(a,clx) I‘(Pa(i;—ic—)l) ®(a,clz) + P(Pc(;)l)xl_c P(a—c+ 1,2 —clx) (B.8)
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with ¥(a,c;0) = F(Fa(l ci)l) Tricomi function satisfies the following relation

U(a,clz) =27 Ula —c+1,2 — clz). (B.9)
The integral (p.19) can be rewritten as

3()\1,)\2;%;1,%;2;0'1,0'2) = 4>\1+m+al—A X (B.lO)
F()\l—i-lil—i-dl —A—Q)F(Ag—i—lig—i—O’g—i—A—Q)
X
I“()\l)l“()\g)l“()\l + Ay — 1)F(I€1)F(I€2)P(FL1 + Ko — 1)P(O’1)P(O’2)F(O’1 + 09 — 1)

% / du ds dy t)\l—l(l _ t)fﬂ—l u)\l-i-fil—A—Q(l _ u))\2+/€2+A—2 6—88>\1+H1—02—A—1 %

X F1(4t(1 —t)s) Fa(sut) F3(su(l —t)),

where
Fi(x) =T(09)T' (02 + A) ¥(o2 + A, 1+ Alx),
F(z)=T(k1 + k2 — 1) (o1+ k1 —A—=1) V(K1 + K2 — 1,1 —01 + ke + Alz), (B.11)
Fsz)=TM+X -1 (o1+ M —A=-1)¥A1+X2—1,1—01+ A2 + Alz).

This form of the integral (p.1§) is very convenient to obtain its limit at oy — —m and
o9 — —n considered in section .

C. Properties of the s[(3) Coulomb integral

In this appendix we study the properties of the s[(3) integral

I (o, az, B, B2) = (C.1)
/HH|t — ;[ D (1) D (s H|t 2o |t; — 1201 H|s 2o2|g; — 120242,
i=175=1

where Dy (t) is defined by eq. ([A.3). Using the integral identity (A.7) one can show, that
function Zj, ;(aq, g, 41, F2) satisfies the set of functional relations, which are generated by
two basic relations (we suppose, that [ > k):

T (o, a, i, B2) = E,(il)(ah az, Br, Ba) i (o, Br, G2, Ba), (C.2)
where 3 = 1 + (I — k)bz, do = ag — (I — k)b? and
—k—

—(1) y(1 + ag — jb?)
Oél,OéQ,ﬂl,ﬂQ X
= 1;[0 (1+ 51 — jb?)

k-1 l—l

Y24+ +ar—(j— Y2+ 61+ B — (§ — 1)b?)
1;[ 2+a+061—(j— jl—[o (24 a2+ G2 — (j — 1)b?)

and by the relation

Ty (a1, o, 81, B2) = ~1(§21)(0417042751,52) (C.3)
XTpi(on, =2 — o1 — ag + (1 = 2)b%, B1, =2 — By — Bo + (I — 2)b°)
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with

=0) (a1, a2, Br, B2) =

ﬁ Y1+ ar — )y + B — )24+ a1 +as — ( — DV )y (2 + Bi + B — ( — 1H?)

Y2+ a1+ 68— (1 —k—=14+5)b2)yB+ar +as+ B+ P2 — (k—2+5)b?)

Relations (C.2) and (C-J) can be used for the analytical continuation and sometimes for
the simplification of the integral ([C.1]).

Integral (IC.1) can be calculated exactly if k = 0 or [ = 0 and also if one of the
parameters «y, or O equals to zero (see appendix El) In the case k =1 (or [ = 1) it also
can be reduced to known functions. To show it we apply integral relation [R9, B(]

ll,/l‘[\sj\zwys 1128, — (2P D ()i, . dsy = (C.4)
7=1
r (- j+2b2 Y(1+ az — 0Py (1+ Ba — jb?)

Y24 g+ 2 — (I =1+ 5)b?)

I—

Jj=0

= / |u|2a2 2(1— 1)b2| 1|262—2(l—1)b2|u _ t|2”’2d2u.
Relation (C.4) allows to reduce integral ([C.1]) to the four-dimensional integral
/ |t|2a1|t _ 1|261|u|2a2—2(l—1)b2|u _ 1|252—2(l—1)b2|u _ S|2lb2 d2ud25,
which can be expressed in terms hypergeometric function of the type (3,2) using eq. (3.49).
For k > 1 integral ([C.1) can be reduced to 4k-dimensional Coulomb integral. We will give
the explicit expression for this integral in ref. [Pd]. Here we give two different asymptotics
at b — 0 of the meromorphic function defined by the integral ([C.1)). First asymptotic is
(we assume that [ > k)
Tia(—A1b?, —Aob?, —k1 D%, —kob?) — (= bR x (C.5)
y (=D )ik (k)i y
()\1—|—)\2—|—I£1+I€2+l—2)k()\1—|—Ii1—{—kﬁ—l—l)k()\g—{—l-{Q—Fl—k—l)l

k
Z A—S1—52—53 (—k)81+52+53(—l)81+82+53(1—2k—)\1 —K1+51 +82+83)51

X
81!82!83!

51,582,53>0
X (A1) k—s1—s53 (K1) k—s1—ss (M FE1FE—=1=1) g0 55(B3—A1 = Ao —K1 =Ko —K)p—sy—s5 X
X(k1+ k2 = Dy (A 4 A2 = D)y (I = k4 Ag)p—sy (I =k + K2)p—ss-

Second asymptotic is

N2 432 1 g2 4 o9 _m\kH

Tja(=1 = Mb%, =1 = dob?, =1 = jab?, 1 = gh?) — ( b2> X (C.6)
k l
Z 2051082 1+)\1+)\2+l—82)k 51 (—1+/<;1+I£2+81)52
— )k s1(A2)1msy (M1 + A2 = D)y (K1)s, (K2)sy (K1 + K2 — 1),

where C’,Jg are the binomial coefficients.
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D. Useful formulae

Here we collect some basic facts concerning Macdonald function K, (y)

e Integral representation

K =5 [ Tt exnl-ule+1/0/2) (D.1)

e Asymptotic formula

K,(2y) — % (F(—V)y” + F(y)yf") at y—0 (D.2)

e Mellin transformation of single Macdonald function

dy _ L p <“—+”> T <’“‘ — ”> (D.3)

o
K, (2ay) < = —
/Oy e T 2 2

e Mellin transformation of the product of two Macdonald functions

> dy c’ A+p+v A+pu—v
K, (2ay) Ky (2ey) —= = r r D.4
| B, e Y = s (2 =) % (D.4)

0
XF<)\—M+V>F<)\—M—V>F<A+5+V Azuty 1_£>‘
2 A a?

2

here F' denotes the hypergeometric function of the type (2,1).

Beta-like integral

LA+ =2
/0 S )

Barnes first lemma

1 ic0 - Ila+ N (a+ )T(B+v)T(B +0)
i ) MNa+s)I'(B+s)I'(y—s)I'(6 —s) = TlatB+y10) . (D.6)
Barnes second lemma states that

1 [ T(aq +8)(ag + s)l(ag + s)I'(1 = B1 — s)I'(—s)ds _ (D.7)
271 F(ﬁg + S) ’
F(al)F(ag)F(ag)F(l — B+ al)l“(l — B+ ag)I‘(l — B+ 043)
[(By — a1)l'(B2 — a2)'(B2 — a3)

provided that 61 4+ B2 = a1 + as + a3 + 1.
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E. Example of application of the recursive relation ([.6)

In this appendix we explain how to use recursive relation (p.6]). For example, using eq. (p.6)
one obtains for function \Ilg) (y1,Y2,y3) exact expression

" o0 oo o
\Ilg)(yhy%y?,) :/0 /0 tzlb 1(P763—61)t22b L(Pe3—e1) % (El)

ty / _
XKi(P,eg) <2y25> Ki(P,eO) <2y1 (1 + tl 2)> X
b b

, dty dt
XK <2W ( +t%)(1+t22)) K itr.ao <2y3 (1+t5)) i
In eq. (E.D]) we substitute
~ t t
‘1’532/) y2—1 = Ki(pey) 2y2—1 . (EZ)
ta b ta

As we see from eq. (E-), it is convenient to think that P’ = P, but vector P’ lives on a
lattice with cutted-off ends. Symbolically it can be pictured as

€1 €2 €3 €n—3 €n—2 €n—1 €2 €3 €n—-3 €n—-2

Using function (E.I) we can reconstract function \I’gj) (y1, Y2, Y3, Y4,ys5) and so on.
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